Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "6 Hyperbolic functions\6.5
Hyperbolic secant”

Test results for the 16 problemsin "6.5.1 (c+d x)*m (a+b sech)*n.m"

Problem 3: Result more than twice size of optimal antiderivative.
J(c+dx) Sech[a+bx] dx

Optimal (type 4, 61leaves, 5steps):

2 (c+dx) ArcTan [e®*] idPolylLog[2, -ie®*] idPolylLog[2, ie®"®X]
- +

b b? b2
Result (type 4, 132leaves):
% 4bcAr‘cTan[Tanh[l (a+bx)]]-d(-2ia+nr-2ibx) (Log[1-1ie***|-Log[l+ie**])+
2b 2

d(-2ia+n) Log[Cot[1 (2ia+m+2ibx)]]-21id (PolyLog|2, -i e*®*] - PolyLog|2, i e®***])
4

Problem 6: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(c+dx)25ech[a+bx]2d1x

Optimal (type 4, 73 leaves, 5steps):

(c+dx)2 2d (c+dx| Log[1+e? (X |  d2polylog[2, -e2 (@X ] (c+dx)2Tanh[a+bx]
- - +
b b2 b3

b
Result (type 4, 277 leaves):
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2cdSech[a] (Cosh[a} Log[Cosh[a] Cosh[b x] +Sinh[a] Sinh[b x]] —beinh[a])

+

b? (Cosh[a]?-Sinh[a]2)

_p2 g ArcTanh[Coth[a]] y2 ;j Coth[a]

1-Coth[a]?

d? Csch[a]

(-bx (-7 +21iArcTanh[Coth[a]]) - mLog[1+e?**] -2 (i bx+iArcTanh[Coth[a]]) Log[1 - e?*® (+bx+iArcTanh[Cothlal]) ]

nLog[Cosh[bx]] +2 i ArcTanh[Coth[a]] Log[i Sinh[bx +ArcTanh[Coth[a]]]] + i Polylog|2, e?* (:bxiArcTanhiCothlall) ] )

Sech[a]]/

Sech[a] Sech[a+bx] (c2Sinh[bx] +2cdxSinh[bx] +d*x?Sinh[bx])
b

(b3\/Csch[a}2 (-Cosh[a]?+Sinh[a]?) ) +

Problem 11: Result more than twice size of optimal antiderivative.

J(c+dx) Sech[a+bx]3dx

Optimal (type 4, 102 leaves, 6 steps):

(c+dx) ArcTan[e*®*]| idPolyLog[2, -ie®®*] idPolylog[2, i e®®*| dsSechia+bx] (c+dx) Sech[a+bx] Tanh[a +bx]
- + + +
b 2 b2 2 b? 2 b2 2b
Result (type 4, 263 leaves):

cArcTan[Tanh[i (a+bx)H 1

b 2 b?

JT
d(«ja+—fjbx
2

Log[lfej‘(’“*%’jbx)] 7Log[1+ei(’“*2”“x)]) - [7ja+£) Log[Tan[1 (7]'1a+ T ibx
2 2

+

i (PolyLog [2, et -ias-ibx] ] - Polylog [2, et (-ia+Z-ibx| ] ]

d Sech[a] Sech[a + b x] (Cosh[a] +beinh[a]) dxSech[a] Sech[a+bx]2Sinh[bx] cSech[a+bx] Tanh[a+b x]

+ +

2 b? 2b 2b

Problem 12: Attempted integration timed out after 120 seconds.

dx

JSech [a+bx]3

c+dx

Optimal (type 9, 18leaves, 0steps):
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. Sech[a+bx]3
Un1ntegr‘ab1e[—, x]
c+dx

Result (type 1, 1leaves):

2P

Test results for the 84 problemsin "6.5.2 (e x)"m (a+b sech(c+d x*n))*p.m"

Problem 10: Result more than twice size of optimal antiderivative.

Jx3 (a+bSech[c+dx2])2d1x

Optimal (type 4, 1191leaves, 10 steps):

a?x* 2abx?ArcTan[e“?*’] b?Log[Cosh[c+dx?]] iabPolylog[2, -ied¥]

+

iabPolylog[2, i e<d¥] b?x?Tanh[c+dx?]
4 d 2 d? d?

+

d? 2d

+

Result (type 4, 483 leaves):

x2 Cosh [ c +dx2}25ech[c} (a+bsech[c+dx?] )2 (a®d x? Cosh[c] +2b2Sinh[c])

4d (b+aCosh[c+dx2])2

(b2 Cosh[c+dx2]25ech[c] (a+bsech[c+dx?] )2 (Cosh[c] Log[Cosh[c] Cosh[dx?]| +Sinh[c] Sinh[dx?]] - dx? Sinh[c]))/

(Zd2 (b+aCosh[c+dx2])2(Cosh[c]zfsinh[c]z))Jr = abCosh[c+dx2]2(a+bSech[c+dx2])2
d? (b+aCosh[c+dx2”2

1
i Cschlc] (Ji <d x2 + ArcTanh [Coth[c]] ) (Log [1 _ @ dx*-ArcTanh[Coth(c]] ] - Log [1 + @ 4X*-ArcTanh[Coth[c]] } ) +
1-Coth[c]?
Sinh[c]+Cosh[c] Tanh { ﬂ}
2Ar‘cTan[ > ] ArcTanh[Coth[c]]
i (PolyLog [2, _ @ 9x*-ArcTanh [Coth[c]] } - Polylog [2, @9 x2-ArcTanh [Coth[c] ] } ) ) B Cosh[c]2-Sinh[c]? N

\/Cosh[c]2 -Sinh[c]?

b2 x2 Cosh[c + d x?| Sech[c] (a+bSech[c+dx?])?sinh[dx?] b2 x2 Cosh[c +d x?] (a+bSech[c+dx?])?Tanh[c]
2d (b+aCosh[c+dx2])2

2d (b+aCosh[c+dx2])2
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Problem 18: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

3

X
Ja+b5ech[c+dx2]

Optimal (type 4, 241 leaves, 11 steps):

dx

b PolylLog |2 T
{ ’ b++/ -a?+b? }

a

ectd x2 }

bPolyLog|2, - i]

bx? Log |1+ aehtr | bx2Log[1+
x4 b~/ -a2+b? bi~/ —a2+b? b~/ -a2+b?
- _ - +
4a 2a/-aZz+b%2 d 2a+/-a2+b? d 2a/-a?+b? d? 2a+/-a?+b? d?

Result (type 4, 843 leaves):

! (b+aCosh[c+dx2}>

4a (a+bSech[c+dx2”

(a+b) Coth[i (c+dx?)]

(a-b) Tanh[i (c+dx?) |

1/aZ_bZ

|+

b
| +2]c- iAr‘cCos[——]] ArcTan |
a

x‘H;Zb 2 (c+dx?) ArcTan|
\a? - b2 d2 Va2 - b2
a+b) Coth[2 (c+dx? a-b) Tanh[% (c+dx? / X
Ar‘cCos[fg}JrZ Ar‘cTan[< > [2< )]}+Ar‘cTan[ ) [2< H}J]Log[ b e |+
a \/a? - b2 v a? - p? \E\/;\/bJraCosh[Cerxz}
a+b) Coth[l (c+dx? a-b) Tanh[2 (c+dx? (37 P2 oy (c+dX?)
Ar‘cCos[—E} -2 Ar‘cTan[< > [2 ( }JrAr‘cTan[< ) [2 ( H }]] Log[ at-b% e }—
a a?-b2 a?-b2 \E\E\/bJraCosh[Cerxz}
b a—b) Tanh[l(c+dx2” <a+b> (—a+b+j\/a2—b2> (—1+Tanh[l(c+dx2)”
ArcCos |- —| +2ArcTan]| 2 || Log| 2 |-
a /a2 - b2 a(a+b+j\/a27b2 Tanh[i(c+dx2”)
b a-b) Tanh[} (c+dx?)] (a+b) (a—b+i\/a2—b2) (1+Tanh{l(c+dx2>])
ArcCos |- —| - 2ArcTan| 2 Log| 2 ]+
a \/a? - b? a(a+b+1’1\/a2—b2 Tanh[§<c+dx2)])
(b—j\/az—bz) (a+b—1‘1\/a2—b2 Tanh[l(c+dx2)])
i [Polylog|2, 2 ] -
a(a+b+1‘1\/a2—b2 Tanh[§<c+dx2)])
(b+iva?-b] (a+b-i+/a?-b? Tanh[ (c+dx?)]]
PolyLog|2, 2 ] Sech|c+dx?]
a(a+b+1’1\/a2—b2 Tanh[i(c+dx2)])
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Problem 28: Attempted integration timed out after 120 seconds.

J = dx
X (a+bSech[c+dx2])2

Optimal (type 9, 20leaves, 0 steps):
1

Unintegrable | » X]

X (a+bSech[c+dx2])2

Result (type 1, 1leaves):

?P?

Problem 29: Attempted integration timed out after 120 seconds.

J = dx
x2 (a+bSech[c+dx2])2

Optimal (type 9, 20leaves, 0steps):
1

Unintegrable| , X]
x2 (a+bSech{c+dx2])2
Result (type 1, 1leaves):

2P

Problem 30: Attempted integration timed out after 120 seconds.

J ! dx
x3 (a+bSech[c+dx2])2

Optimal (type 9, 20leaves, 0steps):
1

Unintegr‘able[ , x]
x3 (a+bSech[c+dx2])2

Result (type 1, 1leaves):
???
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Problem 50: Attempted integration timed out after 120 seconds.

J ! dx
X (a+bSech[c+d\/?])2

Optimal (type 9, 22leaves, 0 steps):

Unintegrable | ! » X]

X (a+bSech[c+d\/;])2

Result (type 1, 1leaves):

2P

Problem 51: Attempted integration timed out after 120 seconds.

J ! dx
X2 (a+bSech[c+d\/;])2

Optimal (type 9, 22 leaves, 0steps):

Unintegrable| ! » X]

x2 (a+bSech{c+d\/;})2

Result (type 1, 1leaves):
2??

Problem 75: Unable to integrate problem.

J(e x) 13" (a+bSech[c+dx"]) dx

Optimal (type 4, 217 leaves, 11 steps):

a(ex)3n 2bx™ (ex)3"ArcTan|[es?*"| 21ibx2" (ex)3"Polylog[2, -i e dX"]
+ - +
3en den d?en

2ibx2" (ex)3"Polylog|2, i e*d¥"] 21ibx3" (ex)3"PolylLog[3, -ie“?"| 2ibx3" (ex)3"Polylog|3, i e 4]

. _
d?en d®en d*en

Result (type 8, 24 leaves):
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J(ex)‘““ (a+bSech[c+dx”]) dx

Problem 78: Unable to integrate problem.

J(ex)’l*3n (a+bsech[c+dx"] )zdlx

Optimal (type 4, 363 leaves, 16 steps):

a2 (ex)3" b2x " (ex)3" 4abx™" (ex)3"ArcTan[e*dX"|  2b2x2" (ex)3"Log[1+e? (C*dx“)}
+ + - -

3en den den d?en
4iabx2" (ex)3"Polylog[2, -ie“?"] 4iabx?2" (ex)3"PolylLog[2, iedX"] b2x3" (ex)3"Polylog[2, -e? (¢+¢x")]
+ - +
d?en d?en d>en

4iabx3" (ex)3"Polylog|3, -iedX"| 4iabx3" (ex)3"Polylog|3, i e dX"| p2x (ex)3"Tanh[c+dx"]
- +
d>en d®>en den

Result (type 8, 26 leaves):

J(ex)’l*3n (a+bsech[c+dx"] )Zdlx

Problem 80: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(ex>71+2n
J dx
a+bSech[c+dx"]

Optimal (type 4, 307 leaves, 12 steps):

c+d x" c+d x"

b x™" (eX)Zn Log[l-;—e“ei} bx™" (EX)ZnLOg[1+L]
(ex)?" b aab borf a2ob?
_ . 7
2aen av/-aZ+b2 den av-az+b2 den
bx 2" (ex)2"Polylog[2, - —<" ] bx2n (ex)2"Polylog|2, - —2=
{ ’ bf\/ﬂ} [ ’ mm}
+
av-aZ+b? d2en av_aZibl d2en

Result (type 4, 859 leaves):
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1
2aen (a+bSech[c+dx"])

(e x)2n (b+aCosh[c+dx”})

<a+b>Coth[%(c+dx”)] (a-b) Tanh{%(c+dx””

1+;2bx’Zn 2(c+dx”)Ar‘cTan[ | +2 c—jAr‘cCOS[—E})Ar‘cTan[ |+
v a? - b2 d2 Va2 -b? a Va2 -b?
a+b) Coth[% (c+dx" a-b) Tanh[% (c+dx" JaZ pT e
Ar‘cCos[—E}+2 Ar‘cTan[< > [2< H}+Ar‘cTan[< ) [2< H} Log[ ab e +
a v/ a2 - b2 v/ a2 - b2 A2 \/a vVb+aCosh[c+dx"]
a+b) Coth[Y (c+dxn a-b) Tanh[Y (c+dxn AT P e lcrdX)
Ar‘cCos[—E}fz Ar‘cTan[< ) [2< )]}+ArcTan[< ) [2< H} Log| a-ble |-
a v/ a? - b2 aZ - b2 A2 \/a vVb+aCosh[c+dx"]
b (a-b) Tanh[2 (c+dx")] (a+b) (—a+b+i\/a2—b2) (—1+Tanh[l(c+dx”)”
ArcCos |- =] +2ArcTan]| 2 || Log| 2 | -
a \/a? - b? a(a+b+1’1\/a2—b2 Tanh[%(c+dx”)”
b (a-b) Tanh[> (c+dx")] (a+b) (a—b+j\/a2—b2) (1+Tanh[1(c+dx”>])
ArcCos |- —| - 2ArcTan]| 2 || Log| 2 ]+
a v/ a? - b? a(a+b+j\/a2—b2 Tanh[i(c+dx”)])
(b-i+aZ-b? | [a+b-i+a?-b? Tanh[ (c+dx)]]
i [Polylog|2, 2 ] -
a(a+b+i\/a2—b2 Tanh[i(c+dx")]
(b+1’1\/a2—b2) (a+b—1‘1\/a2—b2 Tanh[l(c+dx”>”
Polylog|2, 2 ] Sech[c +dx"|
a(a+b+1’1\/a2—b2 Tanh[%(c+dx”)])

Problem 81: Unable to integrate problem.

(ex>—1+3n
J dx
a+bSech[c+dx"]

Optimal (type 4, 452 leaves, 14 steps):

n n
ecm X emd X

bx ™" (ex)3"Log[1+ agtrl? | bx™(ex)*"Log[1+ —* 2bx2" (ex)3"Polylog[2, - —*

(ex)3n b~/ -a2+b? b/ ~a2+b? ) b~/ ~a2+b? )

- + - +

3aen av-aZz+b? den av-aZz+b? den av-a2+b? d2en

2bx2" (ex)3"PolylLog[2, - —2<
b-+/ —a2+b?

b+x/—a2+b2}
+ _
av-a2+b% d2en av-a2+b? d®en av-aZz+b? d®en

Result (type 8, 26 leaves):

+d x" ec+d x"

c+d x" ]

2bx3n (EX)3n polyLog[3, __ae 2bx3n (ex)3”PolyLog[3, -2

el
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(ex)—1+3n
J dx
a+bSech[c+dx"]
Problem 83: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
-1+2n
J (e x) dx
(a+bsech[c+dx"])?

Optimal (type 4, 717 leaves, 23 steps):

c+d x"

3 ectdx"

b>x™" (ex)2"Log[1+ —2€ 2bx™" (ex)2"Log[1+

(ex)2" b,m] b,m]
.

2alen az(—a2+b2)3/2den a2/ -a2+b2 den

n
a ec+d X

2bx" (ex)?" Log[1+ —2=~
b/ ~a2+b2 biy/ —a2+b? b2 x2" (ex)2"Log[b+aCosh[c+dx"]]

+

b>x ™" (ex)2"Log[1+

+

az(—a2+b2)3/2den a2+ -a2+b% den a? (a?-b?) d?en
b3 x-2" (ex)2"Polylog|2, - aegtd” 2bx2" (ex)?"PolylLog|2 __aett?
[ ’ b-+/ -a%+b? ] [ ’ b-+/ -a%+b? ]
a? (-a?+b2)*?d?en a2+/-a2+b? d2en
b3x 2" (ex)2"PolylLog|2, - aet 2bx2" (ex)2"PolylLog|2 _—aett?
[ S ey ] [ SN eyre: b2 x™" (ex)2"Sinh[c+dx"]
+ +
az(—a2+b2)3/2d2en a2+/—a2+b2 d?2en a(a?-b?)den (b+aCosh[c+dx"])

Result (type 4, 2651 leaves):
1

(a2-b2)*?d2n (a+bSech[c+dx"])?

2

2bx*2" (ex) *2" (b+aCosh[c+dx"])

(a+b)Cot[i(jc+jdx”H (afb)TanE(jc“‘ldx“”

b
| -2 |ic+ArcCos|[-—||ArcTanh|

q/az_bz a 4/a2_b2

|+

{2 (ic+idx") ArcTanh |

a+b)Cot[L (ic+idx" a-b)Tan[L (ic+idx" A2 F2 i (icridxt)
Ar‘cCos[—E] -21 Ar‘cTanh[( ) [2 ( )] ] —Ar‘cTanh[( ) [2 ( H] Log| al-bl e +
a \/a? - p? a2 - b2 /2 \/a V/b+aCosh[c+dx"]
arb)Cot[L (ic+idx" a-b)Tan[L (ic+idxn A2 T e (fcridxn)
Ar‘cCos[—E] +21 |ArcTanh| ) [2 | H—Ar‘cTanh[ ) [2 ( H] Log | a b’ e ] -
a Va?-b? Va2 -b? V2 va vVb+acCosh[c+dx"]

(a-b) Tan[% (ic+ridxn)]

b (b—I‘L\/aZ—bZ)(aer—\/asz2 Tan[l(jCHidx”)])
Ar‘cCos[—f] +2]’1Ar‘cTanh[ ] Log[l— 2
a Va2 - b? a(a+b+\/a2—b2 Tan[i(ic+1’1dx“”)

] +
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(a-b) Tan[i (ic+idx") |

(b+]'l\/asz2> (a+b7\/a27b2 Tan[i(jCHIdx”)])
ala+b++/a2-b2 Tan[L (ic+idxn
[5 | )]

b
~ArcCos |- —| +2 i ArcTanh]|

a Ja? b7
(b—i\/az—bz) (a+b—\/a2—b2 Tan[% (J‘Lc+idx”)])
a(a+b+\/a2—b2 Tan[% (jlc+j1dx“)”

]

Log[1 -

} +

i [PolyLog|2,

] -

(bﬂi\/az—bz) (a+b—\/az—b2 Tan|> (jc+jdx”)])
PolyLog[Z, 2 } Sech[c+dx”}2—
a (aerM/aZ—b2 Tan[i (jc+jdxn)])
1

2

3 1-2n -1+2n n
az(az‘b2>3/2d2“(a+bSech[c+dxn1>2bX (€x) (b+acosh[c+dx"])

(a+b)Cot[l(jc+jdx”H b (a—b)Tan[l<ic+jdx”H
2 (J‘lCH‘ldx”) Ar‘cTanh[ 2 ] -2 (1‘1 c+Ar‘cCos[f*]) Ar‘cTanh[ 2 } +
a27b2 a a27b2
a+b)cCot[t (icridxn a-b)Tan[L (ic+idx" AT p? eyt (icridx")
Ar‘cCos[—E]—Zj Ar‘cTanh[( ) [2< H}—Ar‘cTanh[( ) [2( H] Log[ a-ble ]
a aZ - b2 v a? - b2 /2 \/a \/b+aCosh[c+dx"]
a+b)cCot[t (icridxn a-b)Tan[L (ic+idx" AT p? eyt (icridx)
Ar‘cCos[—E]+21'1 Ar‘cTanh[ ) [2< }—Ar‘cTanh[( ) [2( H] Log[ a-ble ]
a v a? - b2 v a? - b2 \/2 \/a \/b+aCosh[c+dx"]
b (a-b) Tan[2 (ic+idx")] (b—i\/az—bz) (a+b—\/a2—b2 Tan{l(iCHidx”H)
ArcCos |- =] +2 i ArcTanh| 2 || Log[1- 2 |+
a v/ aZ - b2 a(a+b+\/a2—b2 Tan[i(jcuidx“)”
b a—b)Tan[l(jCHde“)] (bﬂi\/az—bz) (a+b—\/a2—b2 Tan[l(ijrJldX”)])
~ArcCos |- —| +2 i ArcTanh]| 2 || Log[1- 2 |+
a a2 - b2 a(a+b+\/a27b2 Tan[i(jCHIdx”)])

(b-iva?-b7] (a+b-+a?-b? Tan[} (ic+idx")]]
afa+b+VaZ-b? Tan[l (ic+idx")]]
(b+iva?-b7| (a+b-+a?-b? Tan[} (ic+idx")]]
afa+b+a?-b? Tan[l (ic+idx")]]

(xlfn (ex) 12" (b+acCosh[c+dx"])>Sechc] Sech[c+dx"]? (a®d x"Cosh[c] - b?d X" Cosh[c] +2b? Sinh[c]))/

(2a2 (a-b) (a+b)dn<a+bSech[c+dx”])2)f

i |PolyLog|2,

] -

PolyLog [2,

Sech[c+dx”}2+

}
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b x*2" (ex) **2" (b+aCosh|[c+dx"] )ZSech[c] Sech|c +dx”]2

dx"

2abArcTan| 2Hsinh[c}
_b%+32 h 2_325inh 2
aCosh[c) Log[b+aCosh[c] Cosh[dx"] +aSinh[c] Sinh[dXx"|]| -adx"Sinh[c] + 2 Coshie]”-a sinhlc] /
\/—bZJraZCosh[c]z—aZSinh[c}2

aSinh[c]+(-b+aCosh[c]) Tanh{

(a (a>-b%) d*n (a+bSech[c+dx"])2 (a*Cosh[c]?-a® Sinh[c}z)) +
b2 x* " (ex) 12" (b+aCosh[c+dx"]) Sech[c] Sech[c+dx"]? (bSinh[c] - aSinh[dx"])

+

a? (-a+b) (a+b)dn (a+bSech[c+dx"])?

b2 x}" (ex) 12" (b+aCosh[c+dx"])?Sech[c+dx"]2Tanh[c]

a? (-a?+b?) dn (a+bSech[c+dx”1)2

(-a+b) Tanh {% (c+dx™) w

203 x12" (ex) 12" ArcTan]| | (b+acCosh[c+dx"] )ZSech[c +dx"]2Tanh[c]

a%-b?

a? (a?-b?)*?d?n (a+bSech[c+dx"])?
Problem 84: Attempted integration timed out after 120 seconds.
J (ex>71+3n dx
(a+bSechc+dx"])?

Optimal (type 4, 1284 leaves, 32 steps):
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c+d x" c+d x"

2b2x2" (ex)3"Log[1+ —2¢ b>x ™" (ex)3"Log[1+ —2¢

(eX)Bn b2 x " (eX)Bn b /—a2+bz ] b- /-a2+b2 ]

+ - + -

3a?en a?(a?-b?)den a? (a?-b?) d?en a2 (-a’+b2)**den
2bx" (ex)3“Log[1+&] 2b2 x2n (ex)3”Log[1+&} b3 x " (ex)3“Log[1+—aec‘dxn ]
b-/ -a2+b? b++/ -a2+b? b+ —a2+b?
- - +
a2v/-a2+b? den a’ (a®-b?) d?en a? (-a2+b?)*?den
2bx " (ex)3"Log[1+ —2<" ]  2b2x 3" (ex)3"Polylog[2, - 2] 2b3x2" (ex)3"Polylog|2, - —2
[ b++/ —a2+b? ] [ b-+/ —a2+b? } [ b-+/ —a2+b? ]
_ . _
a2\ -a2+b? den a? (a®-b?) d®en a? (-a?+b?)*?d?en

n n n
ectdx 3 et x 2 ectdx

Wy ]

4bx2" (ex)3"polylog|2, - —2 2b?x 73" (ex)>" Polylog|2, -

b-~/ -a+b? ] b++/ —a2+b? ]

2b3x72" (ex)3" PolyLog[Z, -

- - +
22+/_a2+b% d2en a’ (a?-b?) d>en a? (-a?+b2)*?d2en
4bx 2" (ex)3"PolylLog|2 T 2b3x 3" (ex)3"PolyLog|3 _—aettd 4bx3" (ex)3"PolyLog|3 _—aett®
[ ’ b+-/ -a?+b? ] [ ’ b-+/ ~a2+b? ] [ ’ b-+/ -a?+b? }
- + +

3/2
az+/-a2+b? d2en a? (-a?+b?)¥“d3en a2/ -a2+b? d®en

2b3x3" (ex)3"Polylog|3, -

n n
a ec+d X a e<:+d X!

4bx3" (ex)3"Polylog|3, -

ben/ ~a2+b2 ] b/ —a2+b? ] b2 x™" (ex)3"Sinh[c+dx"]
+

a? (—a2+b2)3/2d3en a2+/_az+b2 d3en a(a?-b*)den (b+aCoshlc+dx"])

Result (type 1, 1leaves):

e

Test results for the 201 problems in "6.5.3 Hyperbolic secant functions.m"

Problem 27: Result more than twice size of optimal antiderivative.

j Sech[a+bx]? dx

Optimal (type 3, 11leaves, 2 steps):
ArcSin[Tanh[a + b x]]
b

Result (type 3, 34 leaves):
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ZArcTan[Tanh[i (a+bx)]] Cosh[a+bx]+/Sech[a+bx]?

b

Problem 79: Result more than twice size of optimal antiderivative.

J(a+a5ech[c+dx])3/2dlx

Optimal (type 3, 66 leaves, 4 steps):

2a%2 ArcTanh| —/a Tanhlcsdx]

a+a Sech[c+d x] 2a’Tanh[c +dx]
+

d+/a+aSech[c+dx]

d

Result (type 3, 135leaves):
1

d (1+ e“dx)

3[72+2ec+dx+C\/1+e2(c+dx) +d\/lJr(EZ(cafdx) X+\/1+62(c+dx) Ar‘CSinh[ede}f /1+e2(c+dx) |_0g[1Jr 14 @2 (c+dx) ])\/a(lJrsech[chdX”

Problem 80: Result more than twice size of optimal antiderivative.

J\/a+aSech[c+dx] dx

Optimal (type 3, 37 leaves, 2 steps):
2 \/?ArcTanh[m—

a+aSech[c+dx]

d

Result (type 3, 77 leaves):

1+ e? (c+dx) (c+dx+Ar‘cSinh[eC*dX] 7L0g[1+ 1+ 2 (crdx) }) \/a (1+Sech[c+dx])

d (1+ecrdx)

Problem 82: Result more than twice size of optimal antiderivative.

1
J dx
(a+asech[c+dx])*?

Optimal (type 3, 114 leaves, 6 steps):
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2 ArcTanh [ _/a Tanhfcidx] 5 ArcTanh [ a Tanh[c+d x]
a+aSech[c+dx] ﬁ\/m Tanh[c +d x]
a¥?d 2+/2 a%/2d 2d(a+aSech[c+dx}>3/2

Result (type 3, 231 leaves):

Cosh[1 (c+dx)]35ech[c+dx]3/2
2

c+dx

V2 er 64X — N1+ (4c+4dx+4Arcslnh[ e %] ~5+/2 Log[1+e“9*| ~4Log[1+/1+e? (< ]
1+ 2 (¢dx)

2 Sech| (c+dx)]Tanh[§(c+dx)]

\/Sech[c +dx]

52 Log[1-e“*+/2 1[1+e? (9% ] /(Zd(a (1+Sech[c+dx]))3/2)

Problem 85: Result more than twice size of optimal antiderivative.

j\/ 3 +3Sech[x] dx

Optimal (type 3, 19leaves, 2 steps):

ZﬁArcTanh[w]
\/1+Sech[x]

Result (type 3, 54 leaves):
V3 V14 eX (x+ArcSinh[eX] - Log[1+V1+e2™ }) \1+Sech(x]

X

l+e

Problem 86: Result more than twice size of optimal antiderivative.

J\/ 3 -3Sech[x] dx

Optimal (type 3, 21leaves, 2steps):

ZﬁArcTanh[&]
V1-Sech[x]

Result (type 3, 56 leaves):



V3 V1 eX (—x+Ar‘cSinh[eX] +Log[1+/1+e2x ]) \V1-Sech[x]

-1+e*

Problem 94: Unable to integrate problem.

1
J dx
va+bSech[c+dx]

Optimal (type 4, 106 leaves, 1step):

2+a+b Cothlc+dx] EllipticPi[2®

+
a a+b a-b a+b a-b

, Ar‘cSin[ a+b Sech[c+d x] ] s M] \/ b (1-Sech[c+dx]) \/ b (1+Sech[c+d x])

ad

Result (type 8, 16 leaves):

1
J dx
va+bSech[c+dx]

Problem 129: Result more than twice size of optimal antiderivative.

JCoth[c+dx]3\/a+bSech[c+dx] dx

Optimal (type 3, 217 leaves, 13 steps):
2\/?Ar‘cTanh[ arbSech(c+dx] ] aAr‘cTanh[@] 3bAchanh{@]

Va - “J/a-b N +/a-b .
d Va-b d 4~/a-b d
a+b Sech[c+d x] a+b Sech[c+d x]
aArcTanh | Jarb ] ) 3bArcTanh | a:b ] ) Coth[c+dx]2+/a+bSech[c+dx]
Vva+b d 4+ a+b d 2d

Result (type 3, 844 leaves):

6.5 Hyperbolic secant.nb | 15
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(-%—%Csch[c+dx]2)\/a+bSech[c+dx] ) 1

d 4d+/b+aCosh[c+dx] /Sech[c+dx]

[[3b( e ArcTan| \a \/b+aCosh[c+dx] ]+mArcTanh[\/?\/b+aCosh[c+dx} ]

v/-a-b +/aCosh[c+dx] va-b +aCosh[c+dx]

a+acCosh[c+dx]

+

\/_a+aCosh[c+dX] (a+aCOSh[C+dX]) /

(\/?\/—a—b va-b v/-1+Cosh[c+dx] vaCosh[c+dx] +/1+Cosh[c+dx] +/Sech[c+dx]

v aCosh[c+dx]

\a V/b+aCosh[c+dx] ]7mAr\cTanh[\/a—\/b+aCOSh[c+dx] ]
\/-a-b v/aCosh[c+dx] vJa-b +/aCosh[c+dx]

{2 [\/ a-b ArcTan [

/(\/?\Lafb va-b v/-1+Cosh[c+dx] ~/1+Cosh[c+dx] | +

a+acCosh[c+dx]

-a+acCosh d
\/ i [c+dx] (a+aCoshc+dx]) vSech[c+dx]

v/b+acCosh[c+dx]

|+ /3 ArcTan| \Ja V/b+aCosh[c+dx]

-4+/a-b ArcTan] }J—
\/-aCosh[c+dx] Ja-b \/-aCosh[c+dx]

o

\/?mArcTanh[ va v/b+aCosh[c+dx] ]

v-a-b +/-acCosh[c+dx]

-a+acCosh[c+dx]
v/-acCosh[c+dx]
a+acCosh[c+dx]

(a+acCosh[c+dx]) Cosh[2 (c+dx) | /Sech[c+dx] /(\/—a—b vJa-b +/-1+Cosh[c+dx] +/1+Cosh[c+dX]

(a2—2b2+4b (b+aCosh[c+dx]) -2 <b+aCosh[c+dx])2))] va+bSech[c+dx]

Problem 130: Attempted integration timed out after 120 seconds.

J\/a+b5ech[c+dx} Tanh[c +dx]2dx

Optimal (type 4, 344 leaves, 7 steps):
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- 2a(a-b)~/a+b Coth[c+dx] EllipticE[ArcSin|

3p2d s " a-b a+b a-b 3bd

\/a+bSech[c+dx}} a+b]\/b(1—5ech[c+dx}) \/ b (1+Sech[c+dx]) 1

+

2+a+b (a+2b) Coth[c+dx] El1lipticF[ArcSin|

]J a-b

a+b a-b a+b

a+bSech[c+dx] a+b]\/b(15ech[c+dx}) \/ b (1+Sech[c+dx])

2 \/m Coth[c +dx] EllipticPi [ atb ) Ar‘cSin[ asbsechlcrdx] } 5 ﬂ] \/ b (1-Sechlcrdx]) \/— b (1-5echlcrdx])

+
a

Vasb a-b atb a-b 2+/a+bSech[c+dx] Tanh[c+dx]
d 3d
Result (type 1, 1leaves):
22?
Problem 131: Unable to integrate problem.
J\/a+b5ech[c+dx} dx
Optimal (type 4, 125leaves, 1step):
e . . a+b a-b
2 Coth[c+dx] EllipticPi| , ArcSin| ]s ]
Va+b d a+b vJa+bSech[c+dx] a+b

b (1-Sech[c+dx]) b (1+Sech[c+dx])
- (a+bSechc+dx])
a+bSech[c+dx] a+bSech[c+dx]

Result (type 8, 16 leaves):

J\/a+bSech[c+dx1 dx

Problem 132: Attempted integration timed out after 120 seconds.

JCoth[c+dx]2\/a+bSech[c+dX] dx

Optimal (type 4, 246 leaves, 5steps):
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\a+b Coth[c+dx] E1lipticF [ArcSin [ 2:bsechictdx] ] "a:b] \/b“'sec““d"” \/—b”*secm“d"”

asb ab asb a-b Coth[c+dx] v/a+bSech[c+dx] 1
- +
d d Va+b d
a a+b a-b b (1-Sech[c+dx]) b (1+Sech[c+dx])
2Coth[c+dx] EllipticPi| , ArcSin| , - (a+bSech[c+dx])
a+b a+bSech[c+dx] a+b a+bSech[c+dx] a+bSech[c+dx]

Result (type 1, 1leaves):

2P

Problem 135: Result more than twice size of optimal antiderivative.

J Tanh[c +dXx]
va+bSech[c+dx]

dx

Optimal (type 3, 31leaves, 3 steps):

2Ar‘cTanh[ a+b Sech[c+d x] }

Va

Va d
Result (type 3, 82leaves):
2+/b+aCosh[c+dx] Log[a+b+aCosh[c+dx] +L] \/Sech[c +dx]

Sech[c+d x]

va d+/a+bSech[c+dx]

Problem 136: Result more than twice size of optimal antiderivative.

J Coth[c +dx]
va+bSech[c+dx]

dx

Optimal (type 3, 106 leaves, 7 steps):

2 ArcTanh [ a+b Se\cﬁh[ud x] } ArcTanh [ a+b Sechk[)ud x] ] ArcTanh [ a+b SechtEc+d X] }
a Va- a+
Va d Va-b d Va+b d

Result (type 3, 419leaves):
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1

b +aCosh[c +dx]

2a+v/-a-b \/a-b d+/a+bSech[c+dx]

b Cosh d b Cosh d
4+/-a-b Ja-b Ar‘cTan[\/ +aCoshfc+dx] | V-aCosh[c+dx] -va v/-a-b ArcTan| Va vb+aCosh[c+dx] | V-aCosh[c+dx] +
v/-acCosh[c+dx] va-b v/ -aCosh[c+dx]
b Cosh d b Cosh d
Va v/a-b ArcTanh| Va vb+aCosh[c +dx] | V-aCosh[c+dx] ++va va-b ArcTan]| V/a b +aCoshlcdx] | VacCoshc+dx] -
v-a-b +/-acCosh[c+dx] v/-a-b +/aCosh[c +dx]

a Vb+acCosh[c+d
va +/-a-b Ar‘cTanh[\/—\/ : [c+dx] | VacCosh[c+dx] | Sech[c+dx]

vJa-b +aCosh[c+dx]

Problem 137: Result more than twice size of optimal antiderivative.

dx

J Coth[c+dx]3
va+bSech[c+dx]

Optimal (type 3, 262 leaves, 11 steps):

2Ar‘cTanh[ a+bSe\/c_:[c+dx] } Ar‘cTanh[ a+bSe:Pjéc+dx] ] bAr‘cTanh[ a+bSe:1c+dx] }
_ : + L _
Va d Va-b d 4 (a-b)*?%d
1/ a+bSech[c+dx] a+b Sech[c+d x]
b ArcTanh| +b ] ) ArcTanh | +b ] ) ~Ja+bSech[c+dx] ) va+bSech[c+dx]
4(a+b)3/2d Ja+b d 4 (a+b)d(1-Sech[c+dx]) 4 (a-b)d(1+Sech[c+dx])

Result (type 3, 925 leaves):
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1

4 (a-b) (a+b)d~a+bSech[c+dx]

Ja b

Vb +aCosh[c+dx]

\Va-b Ar‘cTan[ Va vb+acosh(e+dx] }+mArcTanh[\/;\/bJraCOSh[CerX] }J\/a+aCosh[c+dx]

\/-a-b vaCosh[c+dx] vJa-b +aCosh[c+dx] a+acCosh[c+dx]

(a+acCosh[c+dx]) /(\/—a—b va-b /-1+Cosh[c+dx] vaCosh[c+dx] +/1+Cosh[c+dx] +Sech[c+dx] )+

\Ja \/b+aCosh[c+dx] ]_mAr‘cTanh[\/?\/b+aCosh[c+dx1
\/-a-b +aCosh[c+dx] Ja-b +/aCosh[c+dx]

(2a>-3b%) |/Ja-b ArcTan| || Vacosh[c+dx]

\/a+aCosh[c+dx] (a+acCosh[c+dx])~/Sech[c+dx] /(a”zx/fafb va-b /-1+Cosh[c+dx] 1+ Cosh[c+dx] )+

a+acCosh[c+dx]

vb+aCosh[c+dx]

|+ /a ArcTan] va V/b+aCosh[c+dx]
v/-aCosh[c +dx] va-b +/-aCosh[c+dx]

V-a-b |-4+a-b ArcTan|

] ~+aa-b Ar‘cTanh[

{(ZaZ—sz)

\/?\/b+aCosh[c+dx} ]
v-a-b +/-acCosh[c+dx]

/

-a+acCosh[c+dx]
v/-acCosh[c+dx] \/ (a+acCosh[c+dx]) Cosh[2 (c+dx)|~/Sech[c+dx]

a+acCosh[c+dx]

(\/—a—b va-b /-1+Cosh[c+dx] v1+Cosh[c+dx] (a2—2b2+4b (b+acCosh[c+dx]) -2 (b+aCosh[c+dx1)2))}

<b+aCosh[c+dx]) (7 a 4 (a-b Cosh[c+d x]) Cschlc+d x]2

2 (-] 2 (~aeb?) Sech[c +dx]

\/Sech[c+dx] +

d+a+bSech[c+dx]

Problem 138: Attempted integration timed out after 120 seconds.

j Tanh[c +dx]*
va+bSech[c+dx]

dx

Optimal (type 4, 610leaves, 11 steps):
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1 a+bSech[c+dx a+b b (1-Sech[c+dX] b (1+Sech[c+dX] 1
-—4 (a-b)vVa+b Coth[c+dx] EllipticE[Ar‘cSin[\/ . [c+dx] ]» : ] ( ) - < ) +
b2 d Jaib a-b a+b a-b 15 b* d
a+bSech[c+dx a+b b (1-Sech[c+dx] b (1+Sech[c+dx]
2 (a-b)~a+b (8a%+9b?) Coth[c+dXx] EllipticE[Ar‘cSin[\/ - [c+dx] i ] ( ) _ ( ) _
Ja+b a-b a+b a-b
4+/a+b Cothlc+dx] EllipticF[Arcsin[:amsem[“dx] ], 22] \/busecmc*dxw J—b(hsew“dx”
a+b a-b a+b a-b 1
.
bd 15b3d
a+bSech[c+dx a+b b (1-Sech[c+dx] b (1+Sech[c+dx]
2+v/a+b (8a*-2ab+9b?) Coth[c+dx] EllipticF[Ar‘cSin[\/ - [c+dx] R ] ( ) - ( ) +
Ja+b a-b a+b a-b
2+/a+b Coth[c+dx] ELlipticPi[ 22, Arcsin [ 2bsechicrdx] | a:b] Jb(”“““*”” J— o (Lesechlcxdxl)
a a+b a-b a+b a-b
ad
8a+/a+bSech[c+dx] Tanh[c+dx] 2Sech[c+dx]+a+bSech[c+dx] Tanh[c +d x]
+
15b2d 5bd

Result (type 1, 1leaves):

2?2

Problem 139: Attempted integration timed out after 120 seconds.

J Tanh[c +dx]?
va+bSech[c+dx]

dx

Optimal (type 4, 310leaves, 6 steps):

¥ n n b (1-Sech[c+dx b (1+Sech[c+dx
1 (a-b)~/a+b Coth[c+dx] EllipticE[ArcSin[va bSechlc+dx] ] 2 b] ( [ DN [ 1o
b% d Ja+b a-b a+b a-b
2+/a+b Coth[c+dx] EllipticF[Arcsin[:amsem[“dx] ], 2] \/b”sec““*dx” J_b(l*sec'”“dx”
a+b ’ ab a+b a-b
N
bd

Y e . . b Sech[c+d _ .
2+/a+b Coth [C +d X] E111pt1cP1 { a+b , ArcSin { a+b Sech[c+d x] } s %] \/ b (1 Sechl[)c dx]) \/_ b (1+Secth+d x1)
a a+b a- a+ a-

ad
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Result (type 1, 1leaves):

2?7

Problem 140: Unable to integrate problem.

1
J dx
va+bSech[c+dx]

Optimal (type 4, 106 leaves, 1step):

2+/a+b Coth[c+dx] E1lipticPi[ 2L, AncSin[2msechicndx] ) Fab] \/b (1-sech[c+dx]) \/- b (1+Sech[c+dx])

a a+b a-b a+b a-b

ad

Result (type 8, 16 leaves):

1
J dx
va+bSech[c+dx]

Problem 141: Attempted integration timed out after 120 seconds.

dx

J Coth[c+dx]?
va+bSech[c+dx]

Optimal (type 4, 362 leaves, 9 steps):

Coth[c+dx] EllipticE [ArcSin| asbsech(crdx] ], 2] \/b (1-Sech[erdx]) \/— b (1-Sechlc-dx])

a+b a-b a+b a-b
Va+b d
Coth[c +dx] EllipticF [Ar‘cSin[ a+b Sech[c+d x] ] a+b] b (1-Sechlc+d x]) _ b (1:+Sech[c+dx])
a+b > ab a+b a-b
+
VJa+b d
2+a+b Coth[c+dx] EllipticPi[®®, ArcSin| a+bSech(c+dx] |, 2b] | bsechicedx]) _ b (d+Sechlc+dx])
a’ a+b ? ab a+b a-b
ad
Coth[c +dx] b2 Tanh [c + d x]

d+a+bSech[c+dx] (a?-b%) d+/a+bSech[c+dx]

Result (type 1, 1leaves):
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2?2

Problem 145: Result more than twice size of optimal antiderivative.

dx

J Coth[c +dx]
<

a+bSech[c+dx])*?

Optimal (type 3, 142leaves, 7 steps):

a+b Sech[c+d x] }

2Ar‘cTanh[ a+b Sech[c+d x] ]

ArcTanh | a+b Sech[c+d x] ]

ArcTanh |

NS ) Jab ) asb . 2b?
a3’2d (a-b)*?*d (a+b)*?d a (a?-b?) d+va+bSech[c+dx]

Result (type 3, 927 leaves):
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1
2a(-a+b) (a+b)d(a+bSech[c+dx])*? |

b+aCosh[c+dx])3/2

[[[zﬁb(mmaan[ Va vbraoshic-dX] ooy pncrann| Y2 Vb raCoshicrdx] |

-a+aCoshfc+dx]
\/-a-b v/aCosh[c+dx] va-b +aCosh[c+dx] a+acCosh[c+dx]

/(\/—a—b vJa-b v/-1+Cosh[c+dx] ~aCosh[c+dx] /1+Cosh[c+dx] \/Sech[c+dx])

(a+aCosh[c+dx]) +

\Ja V/b+aCosh[c+dx] }7mAr‘cTanh[\/?\/bJraCOSh[Cerx]

Va-b Ar‘cTan[
v/-a-b +/aCosh[c+dx] Ja-b +/aCosh[c+dx]

[<a2 + 02|

}J vfaCosh[c +dx]

\/a+aCosh[c+dx} (a+acCosh[c+dx])~/Sech[c+dx] /(a”zx/fafb va-b +/-1+Cosh[c+dx] +/1+Cosh[c+dX] )+

a+aCosh[c+dx]

b Cosh d b Cosh d
-4+a-b ArcTan[\/ +aCoshic+dx] ]+\/?Ar'cTan[ v/a /b +acCos [c+dXx] ]

-+Ja Va-b Ar‘cTanh[
v/-aCosh[c+dx] va-b /-aCosh[c +dx]

[<a2—b2>

\E\/b+aCosh[c+dx] ]
v-a-b v/-acCosh[c+dx]

-a+acCosh[c+dx]
v/ -aCosh[c +dx] \/ (a+acCosh[c+dx]) Cosh[2 (c+dx)|/Sech[c+dx] J/

a+acCosh[c+dx]

(\/—a—b vJa-b +/-1+Cosh[c+dx] +/1+Cosh[c+dX] (a2—2b2+4b<b+aCosh[c+dx])—2(b+aCosh[c+dx])2)) Sech[c+dx]3?+

(b+aCosh[c+dx])2(— 2b? 20’ )Sech[c+dx}2

a? (-a+b?) a? (a-b?) (b+aCosh[c+dx])

d (a+bSech{c+dx])>?

Problem 146: Result more than twice size of optimal antiderivative.

Coth[c+dx]3
j( dx

a+bSech[c+dx])>?

Optimal (type 3, 316 leaves, 11 steps):
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2Ar‘cTanh[ a+b Se\/ci[ud X] } <2 a-3 b) Ar‘cTanh[ a+bSech£c+d X] ] bAr‘cTanh[ a+b Sechl[)c+d X] } bAr‘cTanh[ a+bSech£c+d X] }
a A\ a- \ a-— a+
. + _ _
a*2d 2 (a-b)>?*d 4 (a-b)*%d 4 (a+b)*?d
a+b Sech[c+d x]
(2a+3b)Ar‘cTanh[ Vaib ]7 2b* - \/a+bSech[c+dx] - \/a+bSech[c+dx]
2 (a+b)**d a (a2-b?)>dVa+bSech[c+dx] 4 (a+b)*d (1-Sech[c+dx]) 4 (a-b)*>d (1+Sech[c+dx])

Result (type 3, 1019 leaves):
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1
4a (a—b)2 (a+b)2d (a+b5ech[c+dx])3/2 |

b+aCosh[c+dx])3/2

(—a3b+7ab3) [mAr‘cTan[ \Ja V/b+aCosh[c+dx] }+mAr‘cTanh[\/;\/tHaCOSh[CerX] }J -a+acCosh[c+dx]
\/-a-b vaCosh[c+dx] vJa-b +aCosh[c+dx] a+acCosh[c+dx]

(a+acCosh[c+dx]) /(\/?\/—a—b va-b v/-1+Cosh[c+dx] vaCosh[c+dx] +/1+Cosh[c+dx] +/Sech[c+dx] )+

va v/b+aCosh[c+dx] }7mArcTanh[\/?\/b+aCOSh[c+dx] ]
/-~a-b +JaCosh[c+dx] vJa-b +/aCosh[c+dx]

v aCosh[c+dx]

{(2a46a2b22b4) [\/ab ArcTan |

\/a+aCosh[c+dx] (a+acCosh[c+dx])~/Sech[c+dx] /(a”zx/fafb va-b /-1+Cosh[c+dx] 1+ Cosh[c+dx] )+

a+aCosh[c+dx]

/b +acCosh[c+dx]

|+ V& ArcTan| \Ja V/b+aCosh[c+dx] ]

-4+/a-b Ar‘cTan[
v/-acCosh[c+dx] va-b /-aCosh[c+dx]

-+Ja VJa-b Ar‘cTanh[

(2a*-4a%b®+2b*) [\/—a—b

\/?\/b+aCosh[c+dx} ]
v-a-b +/-acCosh[c+dx]

/

Sech[c+dx]32+

-a+aCosh[c+dx]
v/-acCosh[c+dx] \/ (a+acCosh[c+dx]) Cosh[2 (c+dx)|~/Sech[c+dx]

a+acCosh[c+dx]

(\/—a—b va-b v/ -1+Cosh[c+dx] V1+Cosh[c+dx] (a2—2b2+4b (b+acCosh[c+dx]) -2 (b+aCosh[c+dx1)2))

a*+a?b?2+4bp* 2b°
- + +

2 a2 (—a2+b2)2 a2 (az—bz)2 (b+acCoshc+dx])

1 2
(b+aCoshc+dx])
d (a+bsSech{c+dx])>?

(-a?-b?+2abCosh[c+dx]) Csch[c+dx]?

Sech[c +dx]?

2 (—a2+b2)2

Problem 147: Attempted integration timed out after 120 seconds.

Tanh[c+dx]*
J dx
(

a+bSech[c+dx])>?

Optimal (type 4, 907 leaves, 17 steps):
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2 Coth[c +d x] E1lipticE [ArcSin[2:osechicsdx] ] "ab ] \/b“'se“h“*d"” J— bilisechlerdx];

a+b a-b a+b a-b
- +
ava+b d
4ac0th[C+dX] EllipthE [Ar‘cSin[ a+b Sech[c+d x] } a+b] b (1-Sech[c+d x]) _ b (1+Sechfc+dx])
a+b ’ ab a+b a-b 1
b2\arb d 3b*varb d
a+bSech[c+dx a+b b (1-Sech[c+dx] b (1+Sech[c+dx]
2a (8a’-5b?) Coth[c+dx] EllipticE[ArcSin[\/ : [c+dx] B : ] < ) - ( ) +
a+b a-b a+b a-b
. . . a+bSech[c+d x] a+b b (1-Sech[c+d x]) _ b (1+Sech[c+dx])
2 Coth[c+dx] EllipticF|[ArcSin]| — B aib] \/ <l J <nl
+
ava+b d
4Coth[c+dx] E1lipticF [ArcSin[L20sechlerdx] | ha:b] b (I-sechicedx]) [ _ b (1:Sechicrdx])
a+b ’ ab a+b a-b 1
b/a+b d 3b+/a+b d
a+bSech[c+dx a+b b (1-Sech[c+dx] b (1+Sech[c+dx]
2 (2a+b) (4a+b) Coth[c+dx] EllipticF[Ar‘cSin[\/ : [c+dx] s : ] < ) - ( ) +
VJa+b a-b a+b a-b
2+/a+b Coth[c+dx] ELlipticPi[ 2, Arcsin[2bsechlcrdx] | ha:b] b (-Sechicedx]) [ b (1xSechicrdx])
a a+b a-b a+b a-b 4aTanh[c +dx]
- +
a’d (a?-b?) d~+/a+bSech[c+dx]
2b2Tanh[c +dx] 2a%Sech[c+dx] Tanh[c +d x] 2 (4a%-b%) \/a+bSech[c+dx] Tanh[c+dx]
- +
a(a?-b2)dv/arbSechfc+dx] b (a2-b?)d+a+bSechic+dx] 3b% (a®-b%) d

Result (type 1, 1leaves):

2P

Problem 148: Attempted integration timed out after 120 seconds.

Tanh[c+dx]?2
J( dx

a+bSech[c+dx])*?

Optimal (type 4, 344 leaves, 7 steps):
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b (1+Sech[c+dx])

2 (a-b)~/a+b Coth[c+dx] EllipticE|ArcSin|

1
ab2d Jaib “a-b a+b

2+/a+b Cothlc+dx] ELLipticF [Ancsin[2Psechlendx]l ] Fab] \/“15“““*“” \/—"“*S“h“*dx”

a+b a-b a+b a-b

abd

vJa+bSech[c+dx] ] a+b} b (1-Sech[c+dx])

a a+b a-b a+b a-b

2+a+b Coth[c+dx] EllipticPi[®®, ArcSin| asbsechlcrdx] ], 2] \/b (-sechlcedx]) \/— b (Lisechlcrdx])

- +

a-b

2 Tanh[c +dX]

a%d

Result (type 1, 1leaves):

2P

Problem 149: Attempted integration timed out after 120 seconds.

1
J(a+b5ech[c+dx])3/2

dx

Optimal (type 4, 347 leaves, 6 steps):

2 Coth[c +d x] E1lipticE [ArcSin [ f2:osechicsdx) ] Fab ] \/buse‘h“*dx” \/ o-(dsechlcrdx])

a+b a-b a+b a-b
- +
ava+b d
. . . b Sech[c+d ,
2 Coth [C +d XJ Elllp‘thF [Ar‘cSm[ a+b Sech[c+dx] } s %] \/ b (1 Sechl[Jud x1) \/ b (1+Sech|[3c+d Xx])
a+b a- a+ a-
+

ava+b d

2+/a+b Coth[c+dx] EllipticPi[®®, ArcSin| a+b sech[crd x] ], 2] \/ b (1-Sechlcedx]) \/_ b (1:Sechlcdx1)

a a+b a-b a+b a-b

ad+/a+bSech[c+dx]

2b%Tanh[c +dx]

a%d

Result (type 1, 1leaves):

e

+

a (a?-b?) d+/a+bSech[c+dx]
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Problem 150: Attempted integration timed out after 120 seconds.

dx

J Coth[c +dx]?
(

a+bSech[c+dx])*?

Optimal (type 4, 665 leaves, 14 steps):

a+b a-b a+b a-b

4 aCoth[c+dx] EllipticE [Ar‘cSin[ a:bsechlcxdx] ] > ﬂ] \/ b (A-Sechle.dx]) \/ b (1.5echlexd x])

(a-b) (a+b)>?*d

2 Coth[c +dx] E1lipticE[ArcSin| arbsechlcxdx] |, 2] \/ b (1-Sechle-dx]) J— b (1-Sechle-dx])

a+b a-b a+b a-b

ava+b d
(3a-b) Coth[c+dx] EllipticF[ArcSin| a+bSech(c+dx] |, 2] [ bsechicadxl) _ b (d+Sechfc-dx])

a+b > ab a+b a-b
+

(a-b) (a+b)*?*d
2 Coth[c+dx] EllipticF [Ar‘cSin [ a+b sech(c+dx] } ﬂ] b (1-sech[c+dx]) _ b (1ssechfc+dx])

a+b ’ab a+b a-b

+

ava+b d

2\/a+b Coth[c+dx] EllipticPi[ 2, Apcsin[ambsechicrdx] | ab] \/b (esechledxl) \/ o-desechicrdx])
a a+b a-b a+b a-b
a%d
Coth[c +dx] b2 Tanh[c + d x] 4ab?Tanh[c+dx] 2b2Tanh[c +dx]

- - +

d (a+b5ech[c+dx])3/2 (a2 -b?) d (a+bSech[c+dx1)?’/2 (aszz)zd\/a+b5ech[c+dx} a (a®-b?)d~/a+bSech[c+dx]

Result (type 1, 1leaves):

PP

Problem 158: Result unnecessarily involves imaginary or complex numbers.

5

J X dx
v/Sech[2 Log[c x] ]

Optimal (type 4, 108 leaves, 6 steps):
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e 2 1 P 1
o (c + sz) E111pt1cF[2Ar'cCot[c x], ;}
2)(2 X6 (c +x2)

+ +

21 c*+/Sech[2Llog[cx]] 7+/Sech[2Log[cx]] 21c5 (c4+X1—A) x v/Sech[2 Log[c X] ]

Result (type 4, 120leaves):

1 c? x?

21\/?(:6«/ 1+c*x?

Je2x? (245 x*+3cEx8) +2 (-1)Y* 1+ c*x* EllipticF[iArcSinh[(-1)Y*+/c2x? ], —1})

Problem 160: Result unnecessarily involves imaginary or complex numbers.

X3
j dx
v/Sech[2 Log[c x] ]

Optimal (type 4, 203 leaves, 8 steps):
2 2 x4

- + +

5 c*+/Sech[2 Log[c X] ] 5c4(c2+xl—z)x2\/5ech[2Log[cx}] 5+/Sech[2 Log[c X] |

+— 4=
2 ﬁ (cz+ XA) E1lipticE[2 ArcCot[cx], 1] ﬁ (c2+ XL) E1lipticF[2 ArcCot [cx], 1]
5¢3 (c4+ )(17) x/Sech[2 Log[c X] ] 5¢3 (c4+ )(17) x v/Sech[2 Log[c X] ]

Result (type 4, 155leaves):

5\/—c4x/c2x2 | 1+ctx?

3/4 1+c4x4 ElllptlcE[nAr‘cSmh[( )1/4 c2x? |, -1] +2 (—1)3/4\/1+C4X4 EllipticF[jAr'cSinh[(—1)1/4 x|, —1]]

3/2

(1+c*x*) -

Problem 162: Result unnecessarily involves imaginary or complex numbers.

J X dx
\/Sech[2 Log[cx] ]

Optimal (type 4, 87 leaves, 5 steps):



, (TLT (cz+ X%) E11ipticF [2ArcCot[cx], 2]

3+/Sech[2 Log[c x] ] 3¢ (c4+:—A)X\/Sech[2Log[cx}]

X

Result (type 4, 107 leaves):
x2 | ﬁ (\/czx2 (1+c*x?) -2 (-1)Y* 1+ c*x* EllipticF[iArcSinh[(-1)Y*~/c2x? |, —1})

3 (c? x2>3/2

Problem 166: Result unnecessarily involves imaginary or complex numbers.

v/Sech[2 Log[c x] ]
J dx

x3

Optimal (type 4, 137 leaves, 6 steps):

1
x E1lipticE[2ArcCot[cx], —| +/Sech[2Log[cx]] -
2

1] v/Sech[2 Log[c x] ]

Result (type 4, 53 leaves):

-c?+/Cosh[2 Log[c x]] (\/Cosh[z Log[cx]] +1EllipticE[iLog[cx], 2]) \/Sech[2 Log[c x]]

Problem 168: Result unnecessarily involves imaginary or complex numbers.

v/Sech[2 Log[c x] ]
J dx

XS

Optimal (type 4, 80leaves, 5steps):

1

l] \/Sech[2Log[c x]]

1 1
-= (c4+ —) v/Sech[2 Log[cx]] +—¢c3 x E1lipticF |2 ArcCot[c x],

3 x4

6.5 Hyperbolic secant.nb | 31
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Result (type 4, 117 leaves):

«/czxz \ 1+ctx*

Problem 170: Result unnecessarily involves imaginary or complex numbers.

X7
J dx
Sech[2 Log[c x]]3/?

Optimal (type 4, 141 leaves, 7 steps):

4 6 x* x8

(T+c*x%) + (-1)Y* c*x* /1 + c* x* EllipticF[i ArcSinh[(-1)Y*1/c2x? |, *1})

(c2 + Xl—z) EllipticF[2ArcCot[cx],

77c4(c4+x%)Sech[ZLog[cx]]3/2 77(c4+x%) Sech[2Log[cx]]32? 11Sech[2Llog[cx]]??

Result (type 4, 128 leaves):

154\/—c8\/c2x2 \ 1+ctxt

Problem 172: Result unnecessarily involves imaginary or complex numbers.

XS
J dx
Sech[2 Log[c x]]3/?

Optimal (type 4, 251 leaves, 9 steps):
4 4

+ + +

77¢5 [c*+ L)% x3sech[2 Log[c x] 132
X4

(4+17c*x* +20cBx®+ 72 x2) +4 (-1)V* 1+ c* x* EllipticF[iArcSinh[(-1)Y*\/c?x? ], 71]]

2 x?

- + +

15 ¢4 (c4+ %) (c2+ %) x*Sech[2 Log[cx]]3/2 15c* (c4+ %) x2Sech[2Log[cx]]3/2 15 (c“
X X X

x6

+

+ %) Sech[2 Log[cx]]3/2

+ L) EllipticF [2 ArcCot [cx], 1]

+
9Sech[2Log[cx]]3?

=
v
g}
w
—
IS
+
[

4)2x3 Sech[2 Log[c x]]3/?
X

Result (type 4, 164 leaves):

15 c3 (c4+ X%)zx3 Sech[2 Log|[c x] ]3/2
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1 c? x?

902 c+/cZx? \| 1+ctx
12 (-1)¥*4/1+c*x* EllipticE[i ArcSinh[ (-1)Y*+/c2x? |, -1] +12 (-1)**+/1+c*x* EllipticF[iArcSinh[(-1)"*\/c?x? ], 71]]

(2x?)*? (11+16 c* x* + 5% x®) -

Problem 174: Result unnecessarily involves imaginary or complex numbers.

X3
J dx
Sech[2 Log[c x]]3/?

Optimal (type 4, 111 leaves, 6 steps):

2 ) 2 Tl*? (c2+x%) EllipticF[2ArcCot[cx], %]
. _

7 (c*+ L) sech[2Log[cx]]%? 7Sech[2log[cx]]*? 7¢ (c*+ L) x3sech[2 Log[c x] |32
X " [2Log[cx]]

Result (type 4, 119leaves):

1 c? x?

142 A2 x2 \| 1+ctx?

?x* (3+4c*x*+cBx®) -4 <—1>1/4\/1+C4X4 EllipticF[jAr‘cSinh[(—1)1/4 x|, —1])

Problem 176: Result unnecessarily involves imaginary or complex numbers.

J X dx
Sech[2 Log[c x]]3/?

Optimal (type 4, 214 leaves, 8 steps):
12 6 x?

- + + +

5 (c4+ l) (c2+ %) x*Sech[2Log[cx]]32 5 (c4+ %) x?Sech[2 Log[cx]]%2 5Sech[2Log[cx]]??
X X

4,1 4l
12¢ |~ (24 L) EllipticE[2ArcCotcx], 1] 6¢c | —=— [(c2+ L) EllipticF[2ArcCot[cx], L
(c2+1_)2 x* 2 (c2+i)2 x* 2
5 (c4+ %)2 x3 Sech[2 Log[c x]]3/2 5 (C4+ %)ZXE’ Sech[2Log[cx]]32
X X

Result (type 4, 171 leaves):
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1

2.2
X 2x? (-5-4ctx e cBxB) 12 (-1)¥* 2 X214 c*x* EllipticE[iArcSinh[(-1)Y*+/2x? ], -1] +

10 c? (c2 x2)3/2

2+2c*x4

12 (-1)¥*c2x?+/1+c*x* EllipticF[iArcSinh[(-1)Y*+/c2x? |, 71]]

Problem 180: Result unnecessarily involves imaginary or complex numbers.

3

JSech [2 Log[cx]]3/?

X

Optimal (type 4,

1 1
e 2
2 x4

x?Sech[2 Log[cx]]3?-

dx
92 leaves, 5steps):

4,1
(c4+ L) B (c2+ )(17) x3 EllipticF[ZAr‘cCot[c x], ﬂ Sech[2 Log[c x]]3/?

4c

Result (type 4, 98 leaves):

V2 | e

1+ct x4

( c2x? - (—1)1/4\/1+c4x4 EllipticF[jAr‘cSinh[(—1)1/4 x|, —1”

2 32

c° X

Problem 185: Result more than twice size of optimal antiderivative.

JSech[a +b Log|[cx"] ]4d1x

Optimal (type 5,

16 e*2 x (c x”)4b

69 leaves, 4 steps):

Hypergeometric2Fi|4, i (4+ ;7), % (6+ L), -e?? (c x”)Zb]

1+4bn

Result (type 5, 750 leaves):



6b3n3

1 3.
A xSech[a+b (-nLog[x] +Log[cx"])]| Sech[a+bnLog[x] +b (-nLog[x] +Log[cx"])]” Sinh[bnLog[x]] +
3bn

5 2xSech[aer (-nLog[x] +Log[cx"|)]| Sech[a+bnLog[x] +b (-nLog[X] +Log[cx"])]2
6b“n
(Cosh[a+b (—n Log [X] +Log[cx“])] +2bnSinh[a+b (—n Log [X] +Log[cx””}) +

1 atb (-n Log[x]+Log[cx"]]

e bn Sech[a+b (-nLog[x] +Log[cx"]) ]

6b3n3 (1+2bn)

el2v5r] (avbLog[ex]) o cp [a+b (-nlLog[x] +Log[cx"]|)] Hypergeometric2F1[1, 1+ , s
2bn 2bn

a nlLog[x]+Log|cx"
. g [x] +Log[c x

@bn %’(1+2bn)x

1 1
Cosh[a+b (-nLog[x] +Log[cx"]) | Hypergeometric2F1[1, ——, 1+ s
2bn 2bn

1 7a+b(\’—nLog[xj+Log[cx"H

Sinh{a+b(—nLog[x]+Log[cx”]”))——2e bn Sech|a+b (-nLog[x] +Log[cx"])]

3bn (1+2bn)

e Cosh[a+b (-nLog[x] +Log[cx"])] Hypergeometric2F1[1, 1+

k] B
2bn 2bn

a -nlog[x]+Log|cx"
. g[x] +Log[cx"]

e’ o (1+2bn) x |Cosh[a+b (-nLog[x] +Log[cx"])]

1
3
2bn

1+

Hypergeometric2F1|1, B
2bn

Problem 187: Result more than twice size of optimal antiderivative.

JSech[aJrZLog[cx/?]fdlx

Optimal (type 1, 25leaves, 3 steps):
2cbe?

2a\ 2
()

XZ

Result (type 1, 62 leaves):
2 (Cosh[a] -Sinh[a]) (2c*x?+Cosh[a]?-2Cosh[a] Sinh[a] +Sinh[a]?)

c? ((1+c*x?) Cosh[a] + (-1+c*x?) Sinh[a])2

_ @2 (arbloglex"]) ] B

_e? (a+bnLog[x]+b (-nLog[x]+Log[cx"])) ]

<2+ﬁ) (a+b Log[cx"]) 1 24 1 _e? (a+b LOE[CX"”] _
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(-1+4b°n?) x Sech[a+b (-nlLog[x] +Log|c x"]” Sech[a+bnLog(x] +b (-nLoglx] +Log[cx””] Sinh[bnLog[x]] +

+

_e? (a+bnLog[x]+b (—nLog[x]JrLog[cx"}))] +Sinh[a+b (—nLog[X] +Log[cx”])]))
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Problem 188: Result more than twice size of optimal antiderivative.

JSech [a+2 Log[i] }3 dx
X
Optimal (type 1, 25leaves, 4 steps):

2 c2 e—3a

4\ 2
(efza 4 C_)
X2

Result (type 1, 64 leaves):
2¢5 ((c*+2x2) Cosh[a] + (c*-2x?) Sinh[a]) (Cosh[2a] +Sinh[2a])

((c*+x?) Cosh[a] + (c*-x?) Sinh[a])2

Test results for the 220 problems in "6.5.7 (d hyper)*m (a+b (c sech)*n)*p.m"

Problem 5: Result more than twice size of optimal antiderivative.
JCsch[Cerx] (a+bSech[c+dx]?) dx
Optimal (type 3, 27 leaves, 3 steps):

(a+b) ArcTanh[Cosh[c+dx]] bSech[c+dx]
- +
d d

Result (type 3, 84 leaves):
aLog[Cosh[iM%]] bLog[Cosh[%(c+dx)H aLog[Sinh[§+d7"H bLog[Sinh[%(c+dx)H bSsech(c +dx]

- - + + +

d d d d d

Problem 7: Result more than twice size of optimal antiderivative.
JCsch[Cerx]3 (a+bSech[c+dx]?) dx
Optimal (type 3, 54 leaves, 4 steps):

(a+3b) ArcTanh[Cosh[c+dx]] (a+b) Coth[c+dx] Csch[c+dx] bSech[c+dx]
2d 2d d

Result (type 3, 169 leaves):
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_aCsch[i (c+dx)]2 ) szch[i <c+dx)]2 ) aLog[Cosh[i (c+dx)]] ) 3bLog[Cosh[§ (c+dx)]] )

8d 8d 2d 2d
aLog[Sinh[i(Cerx)H 3bLog[Sinh[§<c+dx)H aSech[%(Cerx)]2 bSech[§<c+dx)]2 bSech[c +dx]

2d 2d 8d 8d d

Problem 13: Result more than twice size of optimal antiderivative.

JCsch[c+dx] (a+bSech[c+dx]?)*dx

Optimal (type 3, 52 leaves, 4 steps):

(a+b)2Ar‘cTanh[Cosh[c+dx]] b (2a+b) Sech[c+dx] b2Sech[c+dx]3
- +

+

d d 3d
Result (type 3, 108 leaves):

—([4 (b+aC05h[c+dx12)2 (—b2—3b (2a+b) Cosh[c+dx]?+3 (a+b)2Cosh[c+dx]3 Log[Cosh|[ = (c+dx)]] - Log[Sinh]

/(3d (a+2b+aCosh|2 (c+dx)})2))

N |
N |

(c+dx)“)]

Sech[c+dx]3

Problem 14: Result more than twice size of optimal antiderivative.

2

J(isch[c+dx]2 (a+bsech[c+dx]?)"dx

Optimal (type 3, 50 leaves, 3 steps):
(a+b)2C0th[c+dx1 2b (a+b) Tanh[c+dx] b2Tanh[c+dx]3
- - +
d d 3d

Result (type 3, 109 leaves):

—((4(b+aCosh[c+dx}2>25ech[c+dx]3
(b2 Sech[c] Sinh[d x] + Cosh[c +d x]2 (—3 (a+b)2Coth[c+dx] Csch[c] +b (6a+5b) Sech[c}) Sinh[d x] + b2 Cosh[c +d x] Tanh[c]))/(B
d (a+2b+aCosh[2(c+dx)])2))

Problem 16: Result more than twice size of optimal antiderivative.

JCSCh[CerX]‘l (a+bSech[c+dx]2)2d1X
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Optimal (type 3, 75leaves, 3 steps):
(a+b) (a+3b) Cothlc+dx] (a+b)2Co‘ch[c+dx13 b(2a+3b) Tanh[c+dx] b2Tanh[c+dx]3

+ —

d 3d d 3d

Result (type 3, 151 leaves):
1

6d
Csch[2c] Csch[2 (c+dx)]3 (8a (a+2b) sinh[2c] -6 (a+2b)zsinh[2dx1 -3a’sinh[2 (c+dx)] -6abSinh[2 (c+dx)] +a®Sinh[6 (c+dx)]| +
2absinh[6 (c+dx)]+3a*Sinh[4c+2dx] +a’Sinh[4c+6dx] +8abSinh[4c+6dXx] +8bZSinh[4c+6dx1)

Problem 17: Result more than twice size of optimal antiderivative.

J(a+b$ech[c+dx}2)3Sinh[c+dx}4d1x

Optimal (type 3, 182leaves, 6 steps):

3 3a(a?-12ab+8b?) Tanh[c+dx] b (6a?-23ab-8b?) Tanh[c+dx]®> 3 (5a-16b) b>Tanh[c+dx]®
—a(a’-12ab+8b%) x- + -
8 8d 8d 40d

3 (a-2b) Sinh[c+dx]?Tanh[c+dx] (a+b—bTanh[c+dx}2)2 Cosh[c+dx] Sinh[c+dx]3 (a+bbeanh[c+dx}2)3
+

8d 4d

Result (type 3, 651 leaves):
1

1280 d (a+2b+aCosh[2 (c+dx)”3

(b+aCosh[c+dx]2)3Sech[c] Sech[c+dx]® (1200a (a*-12ab+8b?) dxCosh[dx] +1200a (a*-12ab+8b’) dxCosh[2c+dx] +
600 a>dxCosh[2c+3dx] -7200a’bdxCosh[2c+3dx] +4800ab?dxCosh[2c+3dx] +600a>dxCosh[4c+3dx] -
7200 a’bd xCosh[4c+3dx] +4800ab’>dxCosh[4c+3dx] +120a*>dxCosh[4c+5dx] -1440a’bdxCosh[4c+5dx] +
960 ab?dxCosh[4c+5dx] +120a>dx Cosh[6c+5dx] -1440a’bdxCosh[6c+5dx] +960ab?dxCosh[6c+5dx] -
180 a> Sinh[d x] +12120a? b Sinh[d x] - 14080 a b? Sinh[d x] + 1280 b3 Sinh[d x] - 180 a>Sinh[2c+dx] - 7080 a?bSinh[2c +d x] +
11520 ab?Sinh[2c+dx] -310a3Sinh[2c+3dx] +8760a2bSinh[2c+3dx] -8960ab?Sinh[2c+3dx] -310a>Sinh[4c+3dXx] -
840 a2bSinh[4c+3dx] +3840ab2Sinh[4c+3dx] -640b3Sinh[4c+3dx] -150a%Sinh[4c+5dx] +2520a’bSinh[4c+5dx] -
2560 a b® Sinh[4c+5dx] +128b3Sinh[4c+5dx] -150a>Sinh[6c+5dx] + 600 a2bSinh[6c+5dx] - 15a®>Sinh[6c+7dXx] +
120a*bSinh[6c+7dx] -15a>Sinh[8c+7dx] +120a*’bSinh[8c +7dx] +5a>Sinh[8c+9dx] +5a*Sinh[18c+9dx])

Problem 19: Result more than twice size of optimal antiderivative.

J(a+b$ech[c+dx}2)3sinh[c+dx}2dlx
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Optimal (type 3, 112leaves, 6 steps):

1, a3 3a2bTanh[c+dx] b?(3a+b)Tanh[c+dx]® b3Tanh[c+dx]® a3
-—a’(a-6b) x+ - + -

2 4d (1-Tanh[c+dx]) d 3d 5d 4d (1+Tanh[c+dx])

Result (type 3, 480 leaves):

Sech[c] Sech[c +dx]>
3840d

(-600a* (a-6b) dxCosh[dx] -600a”> (a-6b) dxCosh[2c+dx]-300a>dxCosh[2c+3dx]+1800a’bdxCosh[2c+3dx] -
300 a>dxCosh[4c+3dx] +1800a’bdxCosh[4c+3dx] -60a>dxCosh[4c+5dx] +360a2bdxCosh[4c+5dx] -
60a>dxCosh[6c+5dx] +360a’bdxCosh[6c+5dx] +75a>Sinh[dx] - 4320 a?bSinh[d x] + 960 ab?Sinh[d x] -

160 b> Sinh[d x] + 75 a3 Sinh[2c+d x] + 2880 a%2bSinh[2c+dx] - 1440 ab?Sinh[2c+dx] -480b3Sinh[2c +d x] +
135a%Sinh[2c+3dx] -2880a’bSinh[2c+3dx] +480ab?Sinh[2c+3dx] +160b3>Sinh[2c+3dx] +

135a%Sinh[4c+3dx] +720a2bSinh[4c+3dx] -720ab?Sinh[4c+3dx] +75a%Sinh[4c+5dx] -720a2bSinh[4c+5dx] +
240 ab*Sinh[4c+5dx] +32b>Sinh[4c+5dx] +75a>Sinh[6c+5dx] +15a’>Sinh[6c+7dx] +15a>Sinh[8c+7dx])

Problem 22: Result more than twice size of optimal antiderivative.

JCsch[c+dx]2 (a+bSech[c+dx]?)*dx

Optimal (type 3, 70leaves, 3 steps):
(a+b)3Coth[c+dx1 3b (a+b)2Tanh[c+dx1 b> (a+b) Tanh[c+dx]® b3Tanh[c+dx]®

+ —

d d d 5d

Result (type 3, 380 leaves):
1

40d (a+2b+aCosh|2 (c+dx”)3

Coth[c +dx] Csch[c] Sech[c] (a+bSech[c+dx12)3 (16a (5a*+12ab+8b*) Sinh[2c] -108 (5a’+18a’b+20ab”+8b’) Sinh[2dx] -
25a°Sinh[2 (c+dx) ]| +560ab?Sinh[2 (c+dx)] +30b°Sinh[2 (c+dx)]| -20a*Sinh[4 (c+dx)]| +40ab?Sinh[4 (c+dX) ]|+
24b°sinh[4 (c+dx)] -5a®Sinh[6 (c+dx)| +10ab?Sinh[6 (c+dx)]| +6b>Sinh[6 (c+dx)]| -25a*Sinh[2 (c+2dx)] -
120a’bSinh|[2 (c+2dx) | -16@ab?Sinh[2 (c+2dx)| -64b>Sinh[2 (c+2dx)] +25a°Sinh[4c+2dx] +3@a’bSinh[4c+2dx] +
5a’Sinh[6c+4dx] -5a’Sinh[4c+6dx] -30a’bSinh[4c+6dx] -48ab’Sinh[4c+6dx] -16b>Sinh[4c+6dx])

Problem 23: Result more than twice size of optimal antiderivative.

JCsch[c+dx]3 (a+bSech[c+dx]2)3d1x

Optimal (type 3, 144 leaves, 5steps):
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(a+b)2 (a+7b) ArcTanh[Cosh[c+dx]] <a+b)2 (a+7b) Sech[c+dx]

2d 2d
b (6a*+15ab+7b?) Sech[c+dx]® b?(5a+7b)Sech[c+dx]® (a+b) (b+aCosh[c+dx}2)2Csch[c+dx}ZSech[c+dx]5
6d 10d 2d

Result (type 3, 409 leaves):
1

120d (a+2b+aCosh[2c+2dx])>

(150a® + 270 a> b - 30 ab”? - 206 b + 225 a> Cosh[2 c + 2d x] + 585 a*b Cosh[2c+2d x] +495ab?Cosh[2c+2dx] +231b>Cosh[2c+2dx] +
90 a®> Cosh[4c+4dx] +450a%2bCosh[4c+4dx] +750ab?Cosh[4c+4dx] +350b3Cosh[4c+4dx] +15a3Cosh[6c+6dx] +
135a°b Cosh[6c+6dx] +225ab?Cosh[6c+6dx] +105b>Cosh[6c+6dx]) Coth[c+dx] Csch[c+dx] <a+bSech[c+dx]2)3+

4 (a*>+9a2b+15ab?+7b?) Cosh[c+dx]5Log[Cosh[§+dTXH (a+bSech[c+dx}2)3

d(a+2b+acCosh[2c+2dx])?

4 (a*+9a’b+15ab?+7b3) Cosh[c+dx]5Log[Sinh[§+%H (a+bSech[c+dx12)3

d (a+2b+aCosh[2c+2dx})3

Problem 24: Result more than twice size of optimal antiderivative.

JCsch[c+dx]4 (a+bSech[c+dx]?)°dx

Optimal (type 3, 104 leaves, 3 steps):
(a+b)2 (a+4b) Coth[c+dx] <a+b)3Co‘ch[c+dx]3 3b(a+b) (a+2b) Tanh[c+dx] b? (3a+4b) Tanh[c+dx]> b3Tanh[c+dx]®

+ - +

d 3d d 3d 5d

Result (type 3, 213 leaves):
1

15d (a+2b+aCosh|2 (c+dx>])3

8 (b+aCoshc+dx]?)>Sechic+dx]® (—3b3Cosh[c+dx] +Cosh[c+dx]3 (7b2 (15a+14b) +5 (a+b)?Coth[c]?Coth[c +dx]?) -
3b%Csch[c] Sinh[d x] + Cosh[c +d x]* (7b (45a*+120ab+73b%) +5 (a+b)2 (2a+11b) Coth[c] Coth[c+dx] | Csch[c] Sinh[dx] -
Cosh[c +dx]? (b2 (15a+14b) +5 (a+b)?Coth(c] Coth[c+dx]3) Csch[c] Sinh[dx]) Tanh[c]

Problem 25: Result more than twice size of optimal antiderivative.

Sinh[c+dx]*
J dx

a+bSech[c+dx]?
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Optimal (type 3, 117 leaves, 6 steps):

3/2 /b Tanh[c+d x
(3a2+12ab+8b2) x Vb (a+b) ArcTanh b ] (5a+4b) Cosh[c+dx]Sinh[c+dx] Cosh[c+dx]3Sinh[c+dx]
- - +

8 a3 a’d 8a%d 4ad

Result (type 3, 294 leaves):
1

(a+2b+acCosh[2 (c+dx)]) Sech[c+dx]?

64a>+/b Va+b d (a+bSech[c+dx]?) \/b (Cosh(c] -Sinh[c])*
Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dx])
2+a+b \/b (Cosh[c] -sinh[c])*

\/FTanh[c+dx]]
n
Va+b

Vb (3a®>+34a’b+64ab”+32b°) ArcTanh |

]

(Cosh[2c] -Sinh[2c]) -+/b (Cosh[c] -Sinh[c])* |a® (3a+2b) ArcTanh|

Vb Ja+b (-2a*’c+12a’dx+48abdx+32b>dx-8a (a+b) Sinh[2 (c+dx” +a?Sinh[4 (c+dx”)]}

Problem 26: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Sinh[c+dx]3
J dx

a+bSech[c+dx]?

Optimal (type 3, 71leaves, 4 steps):

Vb (a+b> Ar‘cTan[LLa cO;thdx ] (a+b) Cosh[c+dx] Cosh[c+dx]3
- +

a*/2d a%d 3ad

Result (type 3, 372leaves):
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1
48a°'2+/b d (b+aCosh[c+dx]?)

a+2b+acCosh|2 (c+dx 3 (a“+8ab+8b°) ArcTan| — a -iva+b Cosh[c] -Sinh[c] Sinh[c] Tanh| —| +
2 2 \/1? Va Vaib 2 d2X
Cosh[c] (\/;—j\/aer \/(Cosh[c] - Sinh[c])? Tanh[d—x})]} +3 (a®+8ab+8b?) Ar‘cTan[\/L
2 b
[(\/a_+i\/a+b \/(Cosh[c] —Sinh[c])zjSinh[c]Tanh[dl] +Cosh[c] (\/?+jm/a+b \/(Cosh[c} - Sinh(c])? Tanh[d—x] )] -
2 2
va -iva+b Tanh[l(c+dx” Vva +ia+b Tanh[l(c+dx)]
3a% |ArcTan| 2 | +ArcTan| 2 -
Vb Vb

6Va Vb (3a+4b) Cosh[c+dx]+2a*2+/b Cosh[3 (c+dx)]

Problem 27: Result more than twice size of optimal antiderivative.

Sinh[c+dx]?
J dx

a+bSech[c+dx]?

Optimal (type 3, 75leaves, 5steps):

/ / +/b Tanh[c+dXx
(a+2b) x b va+b ArcTanh| =5 ] Cosh[c +dx] Sinh[c +dx]
+ +

2 a2 azd 2ad
Result (type 3, 236 leaves):
ArcTanh { Vb Tanh[c+d x ]

1 a+b 1
(a+2b+aCosh[2 (c+dx)]) Sech[c+dx]? |- +—|-4(a+2b) x+
16 (a+bSech[c+dx]?) Vb Ja+b d a2

Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dx])

2+/a+b /b (Cosh(c] -Sinh[c])*

(a*>+8ab+8b? ArcTanh |

| (Cosh[2¢c] -Sinh[2c]) /

(\/md\/b (Cosh[c} 7Sinh[c})4 ) . 2aCosh[2ddx] Sinh[2c] N 2aCosh[2c3151nh[2dx]
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Problem 28: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Sinh[c +dXx]

a+bSech[c+dx]?

dx

Optimal (type 3, 47 leaves, 3 steps):

Jb y/a Cosh[crdx]
b Ar‘cTan[ NCY ] Cosh[c +dx]
- +

a3/2d ad

Result (type 3, 328 leaves):
1
8a’/2d (a+bSech[c+dx]?)

-——(a+4b) Ar‘cTan[i[(\E—j\/aer \/(Cosh[c] - Sinh[c])? ) Sinh[c] Tanh[d—x] +Cosh[c] [\Eﬂi a+b
b Vb 2
\/ (Cosh[c] —Sinh[c})2 Tanh[d—x]])} +Ar‘cTan[L
2 Ny
((\Eﬂn/am \/(Cosh[c} -Sinh[c])? ) Sinh[c] Tanh[d—x] +Cosh[c] (\/?Jrfl\/aer \/(Cosh[c] -Sinh[c])? Tanh[d—x])]]} +
2 2
3 [ArcTan[\/?—imTanh{;(c»fd x)} ] +APcTan[\/?afimTanh{z—(c»fdx)} ]]
7o 7o

+4+/a Cosh[c+dx]| (a+2b+

Vb

aCosh[2 (c+dx)]) Sech[c+dx]?

Problem 29: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Csch[c +dx]

a+bSech[c+dx]?

dx

Optimal (type 3, 55leaves, 4 steps):

+/a Cosh[c+dx]
Vb ArcTan[ NS } ArcTanh[Cosh[c +d x] ]

\/?<a+b)d (a+b)d
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Result (type 3, 232 leaves):
(x/?—im/%b \/ (Cosh[c]-Sinh[c])? ] sinh[c] Tanh["ﬂ +Cosh[c] [\/?—im/am +/ (Cosh[c]-Sinh[c])? Tanh[dﬂ)

1 WAr‘cTan[ N } .
(a+b)d Va
\/FAr‘cTan{ Va +i+a+b +/ (Cosh[c]-Sinh[c])2 ) sinh[c] Tanh{d%} +Cosh[c] [ﬁ+im\/ (Cosh[c]-Sinh[c])2 Tanh{‘%” ]
\/F -
Va

1 1
Log[Cosh|[ = (c+dx)]] +Log[Sinh[£ (c+dx)]]

2

Problem 30: Result more than twice size of optimal antiderivative.

Csch[c+dx]?
J dx

a+bSech[c+dx]?

Optimal (type 3, 53 leaves, 3 steps):

+/b_Tanh[c+dx]
Vb ArcTanh| — ] Coth[c +dx]

(a+b)*?d (a+b)d

Result (type 3, 179 leaves):

(a+2b+aCosh[2 (c+dx)]) Sech[c+dx]?

Sech[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dxX])

2+/a+b \/b (Cosh[c] -sinh[c])*

b ArcTanh |

| (Cosh[2c] -Sinh[2c]) +

va+b Cschlc] Cschc+d x] \/b (Cosh[c] -sinh[c])* Sinh[dx] / (2 (a+b)*?d (a+bSech[c+dx]?) Jb (Cosh[c] -sinh[c])* )
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Problem 31: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Cschic+dx]3

a+bSech[c+dx]?

dx

Optimal (type 3, 87 leaves, 5steps):

N / a Cosh[c+dx
a /b ArcTan| Vb ) (a-b) ArcTanh[Cosh[c+dx]] Coth[c+dx] Csch[c+dx]
- 4 _

(a+b)*d 2 (a+b)*d 2 (a+b)d

Result (type 3, 338 leaves):
1

16 (a+b)2d (a+bsech[c+dx]?)

(a+2b+aCosh[2 (c+dx)]) [SHWAr‘cTan[%[(\/?—i\/a+b \/(Cosh[c} —Sinh[q)2 ) Sinh[c]Tanh[d—X] +
b 2
Cosh[c] [\E—J‘l\/a+b \/<Cosh[c} —Sinh[c])z Tanh[dfx]))] +8\EWArcTan[ !
2 Jb
((\/?+J‘1\/a+b \/<Cosh[c1 - Sinh[c])? ) Sinh[c] Tanh[dfx] +Cosh[c] (\/?+Ji\/a+b \/(Cosh[c] - Sinh([c])? Tanh[d—x}))] +
2 2

(a+b) Csch| (c+dx)]2—4aLog[Cosh[ (c+dx)]] +4bLog[Cosh[§ (c+dx)]] +4aLog[Sinh[1 (c+dx)]]-

2

_ Nk

N R NIR

4bLog[sinh[= (c+dx)|]+ (a+b) Sech|[= (c+dx)]2) Sech[c +dx]?

2
Problem 32: Result more than twice size of optimal antiderivative.

j Cschlc+dx]*4
a+bSech[c+dx]?

dx

Optimal (type 3, 75leaves, 4 steps):

y/b_Tanh[c+dx].
a\mAf‘CTanh[ b } aCoth[c+dx] COth[C+dX]3
— + -

(a+b)*%d (a+b)*d 3(a+b)d

Result (type 3, 216 leaves):
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(a+2b+aCosh[2 (c+dx)]) Sechc+dx]?

Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dx])

2+/a+b /b (Coshic] -Sinh[c])*

] (-Cosh[2¢c] +Sinh[2c]) +

[3 a b ArcTanh [

1\/a+b Csch(c] Csch[c+dx]3\/b (Cosh[c] —Sinh[c])4 (6asinh[dx] -3bSinh[2c+dx] + (-2a+b) Sinh[2c+3dXx])
4

/

(6 (a+b)>?d (a+bSech[c+dx]?) \/b (Cosh[c] —Sinh[c})“)

Problem 33: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Sinh[c+dx]*
J dx

(a+bSech[c+dx]2)2

Optimal (type 3, 194 leaves, 7 steps):
3 (a2+8ab+8b2> X 31/b Va+b (a+2b) Ar‘cTanh[w}

a+b

8 a* 2a*d
(5a+6b) Cosh[c+dx]Sinh[c+dx]  Cosh[c+dx]3Sinh[c+dx] 3b(3a+4b) Tanh[c+dx]
N _
8a?d (a+b-bTanh[c+dx]?) 4ad(a+b-bTanh[c+dx]?) 8a’d(a+b-bTanh[c+dx]?)

Result (type 3, 1330leaves):

(a+2b+aCosh[2c+2dx])ZSech[c+dx]4

Sech[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dx])

2+/a+b \/b (Cosh[c] -sinh[c])*

16 X + (a3—6a2b—24ab2—16b3)Ar‘cTanh[

]

(Cosh[2c] —Sinh[2c])]/ [b (a+b)3/2de (Cosh[c] -sinh[c])* ) +

(a2+8ab+8b2) Sech[2c] ((a+2b) Sinh[2c] -aSinh[2dX])

/(zssa2 (a+b5ech[c+dx]2)2) N

b(a+b)d(a+2b+aCosh[2 (c+dx)])
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(a+2b) ArcTanh {m}

3 (a+2b+aCosh(2c+2dx])?Sech[c+dx]* , — - aSinh[2 (c+dx)]
8b3/2 (a+b)3/2d 8b (a+b) d (a+2b+aCosh[2 (c+dXx)])

128 (a+bSech[c+dx}2)2

1

128 (a+bSech[c+dx]2)?

(a+2b+aCosh[2c+2dx])ZSech[Cerx}4

1
( (a®-30a%b-480a%b*- 1600 a° b> - 1920 a b* - 768 b°)
a+b

[_

i ArcTan[Sech[d x]

- +

2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c] -bSinh[4c]

i Cosh[2c] iSinh[2c] J

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c] /(8a4b\/a+b d+/bCosh[4c] -bSinh[4c] )J +

) i Cosh[2c] i Sinh[2c]
i ArcTan|[Sech[dx] |- +

2+va+b \/bCosh[4c] -bSinh[4c] 2+a+b /bCosh[4c]-bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c] /(8a4b\/a+b d~+/bCosh[4c] -bSinh[4c] )J+

1
8a*b (a+b)d(a+2b+aCosh[2c+2dx])

3840 ab*dx Cosh[2c] +1536b°>dxCosh[2c] +80a*bdxCosh[2dx] +464a%b%>dxCosh[2dx] +768a%b3>dxCosh[2dx] +
384ab*dxCosh[2dx] +80a*bdxCosh[4c+2dx] +464a>b>dxCosh[4c+2dx] +768a%b>dxCosh[4c+2dx] +
384ab*dxCosh[4c+2dx] +a°Sinh[2c] +34a*bSinh[2c] +224a3b%Sinh[2c] +576 a® b3 Sinh[2c] + 640 ab*Sinh[2c] +
256 b°> Sinh[2c] -a’Sinh[2dx] - 62 a*bSinh[2d x] - 318 a®b? Sinh[2d x] - 512 a2 b3 Sinh[2d x] - 256 a b* Sinh[2d x] -
30a*bSinh[4c+2dx] -158a*b?Sinh[4c+2dx] -256a%b3Sinh[4c+2dx] -128 ab*Sinh[4c+2dXx] -
12a*bSinh[2c+4dx] -36a’b2Sinh[2c+4dx] -24a2b3Sinh[2c+4dx] -12a*bSinh[6c+4dx] -36a%b?>Sinh[6c+4dX] -

Sech[2c] (160 a*bdx Cosh[2c] +1248a>b*dx Cosh[2c] +3392a°b’>dx Cosh[2c] +

24a*b?>Sinh[6c+4dx] +2a*bSinh[4c+6dx] +2a’b>Sinh[4c+6dx] +2a*bSinh[8c+6dx] +2a’b>Sinh[8c+6dx])

Problem 34: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Sinh[c+dx]3
J dx

(a+bSech[c+dx]2)2

Optimal (type 3, 114 leaves, 5steps):
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Vb (3a+5b) Ar‘cTan[lL[—La c°%c*dx ] )

(a+2b) Cosh[c+dx] Cosh[c+dx]3 b (a+b) Cosh[c+dx]
N _
2a’/2d a*d 3a%d 2a°d (b+aCosh[c+dx]?)

Result (type 3, 861 leaves):
1

1536a’/2d (a+bSech[c+dx]?)?

v/a -i+/a+b 4/ (Cosh[c]-Sinh[c])?

Sinh[c] Tanh[%}mosh c]

Vo s o8 | cosnie) sime1)7 o[ 4]

9 a3 ArcTan [ [

]
(a+2b+aCosh[2(c+dx)])25ech[c+dx]4 Vb +
b3/2
576 a\/b ArcTan| —— ((\F*l\/aer \/ Cosh[c] -Sinh[c])? ) Sinh[c] Tanh[dl} +
/b 2
Cosh| (\/7—11\/a+b \/ Cosh| —Sinh[c])z Tanh[dfx})J} +960 b*2 ArcTan | ——
2 Vb
((\/a_—j\/a+b \/(Cosh[c]—sinh[c])zjSinh[c]Tanh[d—x]+Cosh (\/——1\/a+b\/ (Cosh(c] -sinh(c])? Tanh[d—x] )]+
2 2
(\/?H‘mel (Cosh[c]-Sinh[c])? | Sinh[c] Tanh{ }+Cosh [c] |a +i+/a+b ~/ (Cosh[c]-Sinh[c])? Tanh{ ”
9a®ArcTan| ]
b
b3/2 i
576 a+/b ArcTan| —— ((\/—+1\/a+b \/ Cosh[c] - Sinh[c])? ) Sinh[c] Tanh[d—x} +
Vb 2
Cosh[ (J_+1\/a+b \/ Cosh| Sinh[c])2 Tanh[d—x})J} +960 b*'2 ArcTan | ——
2 /b
((\/?Hi\/aer \/(Cosh[c]fsinh[c])z]Sinh[c]Tanh[d—X]JrCosh [\ﬁ+1\/a+b\/ (Cosh[c] -sinh[c])? Tanh[d—x]))]f
2 2
933 Ar\cTan[ﬁ—jmTanh{; (c+dx)} ] 933 Ar‘CTan[ﬁﬂimTanh[; (c+dx)} ]
Vb - Vb —96\5(3a+8b) Cosh[c] Cosh[dx] +
b3/2 b3/2
384 a3/2b Cosh[c +d x] 384+/a b2 Cosh[c+dx]

32a3%/2Cosh[3c] Cosh[3dx] - - _
a+2b+aCosh[2 (c+dx)| a+2b+aCosh[2 (c+dx)]

288 a*/2sinh[c] Sinh[dx] - 768 +/a bSinh[c] Sinh[dx] +32a%*?Sinh[3 c] Sinh[3d x]
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Problem 35: Result more than twice size of optimal antiderivative.

Sinh[c+dx]?
J dx
(

a+bSech[c+dx]2)2

Optimal (type 3, 131 leaves, 6 steps):

Vb Tanh[c+dx
(a+4b) x Vb (3a+4b) ArcTanh| —b ] Cosh[c +dx] Sinh[c +dx] b Tanh[c + d x]

- + + +

2 a3 233V/a+b d 2ad(a+bbeanh[c+dx}2) azd(a+bbeanh[c+dx]2)

Result (type 3, 791 leaves):
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(a+2b+aCosh[2c+2dx})2Sech[c+dx]4

Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dx])

2+/a+b /b (Coshic] -Sinh[c])*

16 X +

(a®>-6a’b-24ab’-16b°) ArcTanh |

]

(Cosh[2c] Sinh[2c])]/ (b (a+b)3/2d\/b (Cosh[c] —Sinh[c])4 ) +

(a2+8ab+8b?) Sech[2c] ((a+2b) Sinh[2c] -aSinh[2dxX])

/(128a2 (a+bSech[c+dx]2)2) +

b(a+b)d <a+2b+aCosh[2 (c+dx)])

{(a+2b+aCosh[2c+2dx])ZSech[c+dx]4 -64 (a+2b) x+ | (-a*+16a’ b+ 144 a* b> + 256 a b* + 128 b*)

Sech[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dx])

2+v/a+b \/b (Cosh[c] -sinh[c])*

16 aCosh[2dx] Sinh[2¢c] 16aCosh[2c] Sinh[2d x]
+ + -

d d

ArcTanh |

| (Cosh[2c] -Sinh[2c]) /

(b (a+b)3?d /b (Cosh[c] - Sinh[c])* )

(a®+18a’b+48ab?+32b%) Sech[2c] ((a+2b) Sinh[2c] -aSinh[2dx])

/(25633 (a+bSech[c+dx]2)2) -

b(a+b)d(a+2b+aCosh[2 (c+dx)])

aArcTanh[\/?Tanh[mdx] ]

(a+2b+aCosh[2c+2dx])*Sechc+dx]* |- ash Lo boaabosinhg e
(a+b)3/2 (a+b) (a+2b+aCosh[2 (c+dx)])

256 b>2d (a+bSech[c+dx]?)?

(a+2b) Ar‘cTanh[w]

(a+2b+aCosh[2c+2dx])*Sech[c+dx]* |- , arh + aSinh[2 (c+dx)]
8b3/2 (a+b)3/2d 8b (a+b) d (a+2b+aCosh[2 (c+dx)])

16 (a+bSech[c:+dx]2)2

Problem 36: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx
2

J Sinh[c +d x]
(a+bSech[c+dx]?)
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Optimal (type 3, 84 leaves, 4 steps):

y/a Cosh[c+dx]
3/b ArcTan| = ] 3 Cosh[c +dx] Cosh[c +dx]3
_ +

2a%/2d 2a%d 72ad(b+aCosh[c+dx12>

Result (type 3, 479 leaves):
1

128d (a+bSech[c+dx]?)?

(a+2b+aCosh[2(c+dx)])25ech[c+dx]4(BZCOSh[C]COSh[dX] N 32bCosh[c+dx] N 1 2[—(a2+24b2)Ar‘cTan[L

a2 a’ (a+2b+aCosh[2 (c+dx)]) a%2b¥? Vb

)i-

((\/?—i\/a+b \/ (Cosh[c] —Sinh[c])2 ) Sinh[c] Tanh[dfx} +Cosh[c] |va -i+a+b \/ (Cosh[c] -Sinh[c])? Tanh[dfx]
2 2

aZAr‘cTan[L((\/?Jrj\/aer \/ (Cosh[c] —Sinh[c])z ) Sinh[c] Tanh[d—x} +
o 2
Coshc] (ﬁ+1’1\/a+b \/(Cosh[c] -Sinh[c])? Tanh[d—x})]] 724b2Ar‘cTan[L
2 \/F
((\/?Hi\/aer \/(Cosh[c] —Sinh[c])z)Sinh[c]Tanh[dl} +Cosh[c] (\E+]'l\/a+b x/(Cosh[c} - Sinh[c])? Tanh[d—x]])} +
2 2
Va -iva+b Tanh[2 (c+dx)] Va +iva+b Tanh[2 (c+dx)]
a? ArcTan| 2 | +a%ArcTan]| 2 | +16+a b*2?sinh[c] Sinh[dx]
Vb Vb

Problem 37: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Csch[c+dx]
J( dx

a+bSech[c+dx]?)?

Optimal (type 3, 99leaves, 5steps):

v/a Coshlcrdx]
Vb (3a+b) ArcTan| Vb ] ArcTanh [Cosh[c +dx] ] b Cosh[c +d x]

2a%2 (a+b)2d (a+b)?d 72a(a+b)d(b+aCosh[c+dx]2)

Result (type 3, 377 leaves):
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1
8 (a+b)*d (a+bSech[c+dx]2)?

(a+2b+aCosh[2 <c+dx)]) Sech[c +dx]3

2b b
—£+ 1 W(3a+b) Ar‘cTan[i[(\/?—Ji\/a+b \/(Cosh[c}—Sinh[c})z)Sinh[c]Tanh[d—X]+
a a3/2 \/F 2
Cosh[c] (\/?—Ji\/aer \/(Cosh[c]—sinh[c])2 Tanh[dfx})J} <a+2b+aCosh[2(c+dx)])Sech[c+dx]+ ! Vb (3a+b)
2 a3/2
Ar‘cTan[%[(\/?+i\/a+b \/(Cosh[c] —Sinh[c]>2 ] Sinh[c] Tanh[d—x] +Cosh[c] (\/?+Ji\/a+b \/(Cosh[c} —Sinh[q)Z Tanh[d_x]})}
b 2 2
<a+2b+aCosh[2(c+dx)])Sech[c+dx]—2(a+2b+aCosh[2 (c+dx)})Log[Cosh[l(c+dx)]]Sech[c+dx]+

2

2 (a+2b+aCosh[2 (c+dx)]|) Log[Sinh[1 (c+dx)]] sech[c+dx]
2

Problem 38: Result more than twice size of optimal antiderivative.

J Csch[c+dx]?
(a+bSech[c+dx]2)2

dx

Optimal (type 3, 92 leaves, 4 steps):

+/b_Tanh[c+dx]
3+/b ArcTanh]| o scothic s dx] Coth[c +dx]

2 (a+b)>*d 2 (a+b)’d "2 (a+b)d (a+b-bTanh[c+dx]?)

Result (type 3, 220leaves):

(a+2b+acCosh[2 (c+dx)]) Sech[c+dx]*

Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dX])

2+/a+b /b (Cosh[c] - Sinh[c])*

3 b ArcTanh a+2b+acCosh|2 (c+dx
[ J [2 ( )])

(Cosh[2¢] - Sinh[2c]) / (\/a+b \Jb (Coshic) - sinhic])* ) +2(a+2b+acosh[2 (c+dx)]) Cschlc] Cschlc+dx] Sinh[dx] +

b (a+2b) Tanh[2c]
bSech[2c] Sinh[2d x] -

/(8 (a+b)2d (a+bSech[c+dX]2)z)
a
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Problem 39: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Csch[c+dx]3
J dx
(

a+bSech[c+dx]2)2

Optimal (type 3, 147 leaves, 6 steps):

v/a Cosh[c+dx
(3a-b) Vb ArcTan| Vb ] (a-3b) ArcTanh[Cosh[c +dx]] (a-b) Coshlc+dx] Coth[c +dx] Csch[c +dx]

— + — —

2+/a (a+b)’d 2 (a+b)’d 2 (a+b)*d (b+aCosh[c+dx)2) 2(a+b)d(b+aCoshfc+dx]?)

Result (type 3, 462 leaves):
1

32 (a+b)’d (a+bSech[c+dx]?)?

(a+2b+aCosh[2 (c+dx)]) Sech[c+dx]?

[8b(a+b)+ ! 4\/b (-3a+b) Ar‘cTan[L((\/?—i\/aer \/(Cosh[c]—Sinh[c])z)Sinh[c}Tanh[d—X]+
Vs b 2
Cosh[c] (\/?—i\/a+b \/(Cosh[c]—Sinh[c])2 Tanh[d—x})J] (a+2b+aCosh[2 (c+dx)]) Sech[c+dx] + = 4x/F(—3a+b>
2 a
1 . ; 3 . d x , - > d x
Ar‘cTan[F[(\/?+1\/a+b \/(Cosh[c] -Sinh([c]) ]Slnh[c] Tanh[——] + Cosh[c] (\/?+1\/a+b \/(Cosh[c} -Sinh[c])? Tanh|[—] )]
b 2 2
(a+2b+aCosh[2 (c+dx)]) Sech[c+dx] - (a+b) (a+2b+aCosh[2(c+dx)])Csch[l(c+dx)}25ech[c+dx]+
2

4 (a-3b) (a+2b+aCosh[2 (c+dx)]) Log[(:osh[1 (c+dx)]]sech[c+dx] -
2

4 (a-3b) (a+2b+aCosh[2 (c+dx)]) Log[Sinh[l (c+dx)]] sech[c+dx] -
2

(a+b) (a+2b+acCosh[2 (c+dx)]) Sec:h[l (c+dx)}25ech[c+dx]
2

Problem 40: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Cschic+dx]*
J dx

(a+bSech[c+dx]2)2

Optimal (type 3, 123 leaves, 5steps):

+/b Tanh[c+dx
(3a-2b) +/b ArcTanh| o (a-b) Cothfc+dx] Cothlc+dx]> abTanh[c+dx]

- +

2(a+b)7/2d (a+b)3d 3<a+b>2d 2(a+b)3d(a+b—bTanh[c+dx]2)
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Result (type 3, 620 leaves):

(a+2b+aCosh[2c+2dx])2Coth[c] Csch[c+dx]2Sech[c+dx]* 5
- +|(3a-2b) (a+2b+aCosh[2c+2dXx])

12 (a+b)?d (a+bSech[c+dx]?)?

Sech[c+dx]* | |ibArcTan[Sech[dx]

i Cosh[2c] i Sinh[2c] ]
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bsSinh[dx] +aSinh[2c+dx])] Cosh[2c] /(8\/a+b d+bCosh[4c] -bSinh[4 ] )7

i bArcTan|Sech[d x]

i Cosh[2c] i Sinh[2c] ]
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b VbCosh[4c]-bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

/(8\/a+b d~/bCosh[4c] —bSinh[4c] )]]/

a+2b+aCosh[2c+2dx])?Csch[c] Cschlc+dx]3Sech[c+dx]*Sinh[dx
((a+b)3(a+bSech[c+dx]2)2)+( [ H Al [ ] [ } [ }+

12 (a+b)2d <a+bSech[c+dx]2)2

(a+2b+aCosh[2c+2dx])ZCsch[c] Csch[c+dx] Sech[c+dx]* (-asSinh[dx] +2bSinh[dx])

+

6 (a+b)>d (a+bSech[c+dx]?)?
(a+2b+aCosh[2c+2dx]) Sech[2c] Sech[c+dx]* (abSinh[2c] +2b?Sinh[2c] -abSinh[2dX])

8 (a+b)>d (a+bSech[c+dx]?)?

Problem 41: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx
3

J Sinh[c+dx]*
(a+bsech[c+dx]?)

Optimal (type 3, 242 leaves, 8 steps):

A/b Tanh[c+d
3(a?+12ab+16b2) x 3P (537+20ab+16b%) ArcTanh [ AT EDL] g, ) Coshic+ dx] Sinh[c +dx]

- - +

8a’ 8a°+a+b d 8a2d(a+bbeanh[c+dx]2)2
Cosh[c+dx]3Sinh[c+dx] b (7a+12b) Tanh[c +dx] 3b(a+2b) Tanh[c+dx]

4ad (a+b—bTanh[c:+dx]2)2 8a’d (a+b—bTanh[c+dx]2)2 2a*d (a+b-bTanh[c+dx]?)

Result (type 3, 4019 leaves):

3 (a+2b+aCosh[2c+2dx])>Sech[c+dx]®



3 (a+2b+aCosh[2c+2dx])E’Sech[c+dx]6
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+/b Tanh[c+dx]
(3a2+8ab+8b2)Ar'cTanh[ bTaniCdX] aVb (3a2+16ab+16b2+3a (a+2b) Cosh[2 (c+dx Sinh|2 (c+dx
a+b /

(a+b)®? (a+b)2(a+2b+aCosh[2(c+dxH)2

(16384b5/2d (a+bSech[c+dx]2)3) + <a+2b+aCosh[2c+2dx])3Sech[c+dx]6

¥/b Tanhlc+dx]
3a (a+2b) ArcTanh | bTar:ledx] Vb (3a%+14a?b+24ab?+16b>+a (3a2+4ab+4b?) Cosh[2 (c+dx)]) Sinh[2 (c+dx)] /
]

- +

(a+b)>? (a+b)?(a+2b+acCosh[2 (c+dx) )2

1

(16384b%2d (a+bSech[c+dx]?)?) -
512 (a+bSech[c+dx}2)3

(3a°-10a%b+80a*b*+480a%b*+ 640 ab* + 256 b°)

(a+b)2
i Cosh[2 1 Sinh[2
I'LAr‘cTan[Sech[dx] - 1 Cosh[2c] + 15inh(2c] J
2+/a+b /bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c] -bSinh[4c]

(-aSinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c] /(64a3b2\/a+b d+/bCosh[4c] -bSinh[4c] )-

1 ArcTan [Sech [dx]

i Cosh[2c] i Sinh[2c] ]
- +
2+v/a+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[ZC]]/ (64a3b2\/a+b d+/bCosh[4c] -bSinh[4c] )J +

1

Sech[2c] (768 a*b®dxCosh[2c] +3584a>b>dxCosh[2c] +6912a*b*dx Cosh[2c] +
128 a3 b2 (a+b)2d <a+2b+aCosh[2c+2dx])2
6144 ab®>dx Cosh[2c] +2048b%d xCosh[2c] +512a*b%>dx Cosh[2dx] + 2048 a®>b3>dx Cosh[2dx] + 2560 a2 b*d x Cosh[2d x] +
1024 ab®> dx Cosh[2d x] +512a*b?dx Cosh[4c+2dx] +2048 a>b3dx Cosh[4c+2dx] +2560a’b*dx Cosh[4c+2dx] +
1024 ab>dxCosh[4c+2dx] +128a*b?dxCosh[2c+4dx] +256a®b3>dxCosh[2c+4dx] +128a%b*dxCosh[2c+4dx] +
128 a*b?dx Cosh[6c+4dx] +256a>b3>dxCosh[6c+4dx] +128a%2b*dxCosh[6c+4dx] -9a®Sinh[2c] +12a°bSinh[2c] +
684 a* b2 Sinh[2 c] + 2880 a®> b> Sinh[2c] + 5280 a® b* Sinh[2c] + 4608 ab®> Sinh[2c] + 1536 b® Sinh[2c] +9a® Sinh[2d x] -
14 a°bSinh[2d x] - 608 a*b?Sinh[2d x] - 2112 a® b3 Sinh[2d x] - 2560 a® b* Sinh[2d x] - 1024 a b’ Sinh[2dx] -3 a®Sinh[4c+2dx] +
10a°bSinh[4c+2dx] +304a*b?Sinh[4c+2dx] +1056 a>b3>Sinh[4c+2dx] +1280a%b*Sinh[4c+2dx] +512ab’Sinh[4c+2dx] +

3a°Sinh[2c+4dx] -12a°bSinh[2c+4dx] - 204 a*b>Sinh[2c+4dx] -384a’b’>Sinh[2c+4dx] -192a°b*Sinh[2c+4dx]) | +

1 12(7a2+32ab+32b2)x

(a+2b+aCosh[2c+2dx])35ech[c+dx]6 +

512 (a+bSech[c+dx]2)? a®

| 55
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> (a’-14a°b+336a°b” + 5600 a" b® + 22400 a° b* + 376322 b + 28672 ab° + 8192 b)
(a+b)

|

3 i ArcTan[Sech[d x]

i Cosh[2c] iSinh[2c] ]
- +
2+/a+b /bCosh[4c] -bSinh[4C] 2+/a+b /bCosh[4c] -bSinh[4C]

(-asinh[dx] -2bSinh[dXx] +aSinh[2c+dx}H COSh[ZC]]/ (64a5b2\/a+b d+/bCosh[4c] -bSinh[4c] )_

31 ArcTan [Sech [dx]

i Cosh[2c] i Sinh[2c] J
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] Sinh[Zc}]/ (6435b2\/a+b d+/bCosh[4c] -bSinh[4c] )] +

1

Sech[2c] (-a®Sinh[2c] -52a°bSinh[2c] - 500 a*b?Sinh[2c] -
16a°b (a+b)d <a+2b+aCosh[2c+2dx])2
1920 a®> b3 Sinh[2c] - 3520 a?b*Sinh[2c] - 3072 a b’ Sinh[2c] - 1024 b®Sinh[2c] + a® Sinh[2d x] +
50a’>bSinh[2dx] +400a*b”>Sinh[2dx] + 1120 a’ b> Sinh[2d x] + 1280 a* b* Sinh[2d x] + 512a b’ Sinh[2dx] ) +
1

Sech[2c] (-3a’Sinh[2c] +42a°bSinh[2c] +2192a° b*Sinh[2c] + 16480 a* b’ Sinh[2c] +
64 a° b? (a+b)2d (a+2b+aCosh[2c+2dx])

51200 a3 b*Sinh[2c] + 77824 a®> b> Sinh[2c] + 57344 ab®Sinh[2c] +16384 b7 Sinh[2c] +3a’ Sinh[2dx] -44a® b Sinh[2d x] -

1900 a®> b> Sinh[2d x] - 10880 a* b®> Sinh[2d x] - 23360 a° b* Sinh[2d x] - 21504 a* b> Sinh[2d x] - 7168 ab® Sinh[2d x] ) +

12Cosh[2c+2dx] 12Sinh[2c+2dX] 12Cosh[2c+2dx] 12Sinh[2c+2dX]
<a+2b) (7 - +<a+2b)( - +
a*d a*d a*d a*d
2Sinh[4c+4dx]
i
a’d
1 3
(a+2b+aCosh[2c+2dx])
256 (a+bSech[c+dx]2)3
Sech[c+dx]®
——— (a®-8a’b+120a* b+ 1280 a’ b> + 3200 a b* + 3072 a b° + 1024 b®)
(a+b)2
. i Cosh[2c] i Sinh[2 c]
- 3]1Ar‘cTan[Sech[dx] - +
2+va+b \/bCosh[4c] -bSinh[4c] 2+va+b \/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ]| cOsh[zq]/ (64a4b2\/a+b d+/bCosh[4c] -bSinh[4c] )] +

31 ArcTan [Sech [dx]

i Cosh[2c] i Sinh[2c] J
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b bCosh[4c] -bSinh[4c]
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+

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[zq]/ (64a4b2\/a+b d+/bCosh[4c] -bSinh[4c] )

1

128a*b? (a+b)?d (a+2b+aCosh(2c+2dx])?

84480 a>b*d x Cosh[2c] -119808 a>b°> dx Cosh[2c] - 86016 ab®dx Cosh[2c] -24576 b7 d x Cosh[2c] - 3072 a°b?d x Cosh[2d x] -
18432 a*b3>dxCosh[2d x] -39936ab%*dxCosh[2dx] -36864a%b°>dxCosh[2dx] -12288ab®dxCosh[2dx] -

3072 a°b?dx Cosh[4c+2dx] -18432a*b>dxCosh[4c+2dx] -39936a%b*dxCosh[4c+2dx] -36864a2b°>dxCosh[4c+2dx] -
12288 ab®dxCosh[4c+2dx] -768a°b>dxCosh[2c+4dx] -3072a*b>dxCosh[2c+4dx] -3840a3b*dxCosh[2c+4dx] -
1536 a’b>d xCosh[2c+4dx] -768a°b>dx Cosh[6c+4dx] -3072a*b>dx Cosh[6c+4dx] -3840a>b*dxCosh[6c+4dx] -
1536 a’?b>dx Cosh[6c+4dx] +9a’Sinh[2c] -54a®°bSinh[2c] - 2392 a° b2 Sinh[2c] -13968 a*b?Sinh[2c] -

36480 a%b* Sinh[2c] - 50432 a%b°Sinh[2c] -35840ab®Sinh[2c] -10240b7 Sinh[2c] -9a’ Sinh[2dx] +56a®bSinh[2d x] +
2552 a°b2Sinh[2dx] +13184 a* b>Sinh[2d x] + 27072 ab*Sinh[2d x] + 24576 a® b> Sinh[2d x] + 8192 ab® Sinh[2d x] +
3a’Sinh[4c+2dx] -24a®°bSinh[4c+2dx] -600a°b%Sinh[4c+2dx] -3200a%b3Sinh[4c+2dx] -6720ab*Sinh[4c+2dx] -
6144 a2 b> Sinh[4c+2dx] - 2048 ab®Sinh[4c+2dx] -3a’Sinh[2c+4dx] +26a°bSinh[2c+4dx] +992a°b2Sinh[2c+4dx] +
3648 a* b3 Sinh[2c+4dx] + 4480 a> b*Sinh[2c+4dx] +1792a2b>Sinh[2c+4dx] +256a° b?>Sinh[6c+4dXx] +

1024 a* b3 Sinh[6c +4dx] +1280a%b*Sinh[6c+4dx] +512a%2b’>Sinh[6c+4dx] + 64a° b%>Sinh[4c+6dX] +

Sech[2c] (-4608a>b”>dx Cosh[2c] -30720a*b>dxCosh[2c] -

128 a* b’ Sinh[4c+6dx] +64a*>b*Sinh[4c+6dx] +64a°b>Sinh[8c+6dx] +128a*b>Sinh[8c+6dx] +64a>b*Sinh[8c+6dx])| -

1
8192 b? (a+b>2d (a+bSech[c+dx]2)3
Sech[c +dx]®

6 a2 APCTanh[Sech[dx} (Cosh[2c]-Sinh[2c]) ((a+2b) Sinh[dx]-aSinh[2c+dx]) ] (COSh [2¢] - Sinh[2 c] )
2+/a+b \/b (Cosh[c]-Sinh[c])*

Ja+b \/b (Cosh[c] -sinh[c])*

(asech[2c] ((-9a*-16a’b+48a’b®>+128ab’ + 64b*) Sinh[2dx] +
a(-3a’+2a’b+24ab>+16b°) Sinh[2 (c+2dx)| + (3a*-64a>b®-128ab’-64b*) Sinh[4c+2dx]) +

(a+2b+aCosh[2c+2dx])?

(9a°+18a%b- 642’ b> - 256a%b> - 320ab* - 128b°) Tanh(2¢]) / (a® (a+2b+aCosh[2 (c+dx)])?)

Problem 42: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx
3

J Sinh[c+dx]3
(a+bsech[c+dx]?)

Optimal (type 3, 154 leaves, 6 steps):
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5/b (3a+7b) APCTan[;@s%deL}

(a+3b) Cosh[c+dx] Cosh[c+dx]3 b? (a+b) Cosh[c+dx] b (9a+13b) Cosh[c+dx]
+ + -
8a%2d a*d 3a’d 4a*d (b+aCosh[c+dx]2)> 8a*d(b+aCosh[c+dx]?)

Result (type 3, 1364 leaves):

\a -1+ a+b TanhH— (c+d x)] +/a +i+a+b Tanh[% (c+d x)}

, 3 |ArcTan| NS ] +ArcTan| Vb }] 2+/b Cosh[c+dx] (3a+1@b+3aCosh[2 (c+dx)])
- +

Va (a+2b+aCosh[2(c+dxH)2

(a+2b+aCosh[2c+2dx})3Sech[c+dx]6/(8192b5/2d(a+bSech[c+dx}2>3) -

= -(3a-4b) Ar‘cTan[i([\/?—j\/aer \/(Cosh[c] —Sinh[c])z ) Sinh[c] Tanh[dfx} +
2048 a3/2p>/2 ¢ (a+bSech[c+dx]2)3 Vb 2
Cosh[c] (\/?—jm/aer \/(Cosh[c} —Sinh[c})2 Tanh[d—x]])] +Ar‘cTan[L
2 b
[(\/?+]‘1x/a+b \/<Cosh[c} -Sinh[c])? ) Sinh[c] Tanh[d—x] +Cosh[c] [ﬁﬂi\/aer \/(Cosh[c] -Sinh[c])? Tanh[d—X}J]]J -
2 2

2+/a /b Cosh[c+dx] (3a2+6ab+8b2+a (3a-4b) Cosh[2 (c+dx)])

(a+2b+aCosh[2c+2dx])>Sech[c+dx]®+

(a+2b+acCosh[2 (c+dx)])?
1

1
(3 (3a*-402a°b+720a%b® + 6720 a b> + 8960 b*) ArcTan| ——
491522%2b°2d (a+bSech[c+dx]?)’ Vb

((\/?—]'l\/a-%—b \/(Cosh[q - Sinh[c])? ) Sinh[c] Tanh{dfx] +Cosh[c] [\/?—j\/a+b \/(Cosh[c] —Sinh[c:])Z Tanh{d—x})]] +

2 2

3 (3a*-40a’b+720a’ b +6720ab® + 8960 b*) ArcTan| ——
Vb
dx d x
((\E+J‘l\/a+b \/(Cosh[c} fSinh[c])Z ) Sinh[c] Tanh|[—] + Cosh[c] (\/?Hi\/aer \/ (Cosh[c] —Sinh[c])z Tanh|[—]||] +
2 2
(Zx/a_\/FCosh[Cerx} (9a°-90a*b-10144a>b? - 48672a*b> - 85120ab* - 53760 b° + a (9a* - 1202 b - 1243222 b% - 47936 a b’ -

44800 b*) Cosh[2 (c+dx) | -128a°b> (15a+28b) Cosh[4 (c+dx) | +128a’ b>Cosh |6 (c+dx)]))/<a+2b+a€osh[2 (c+dx)])2]

1
(a+2b+aCosh[2c+2dx])3Sech[c+dx]6+

3 (a+2b+aCosh[2c+2dx])>
16384 a7/2d (a+bSech[c+dx}2)3

Sech[c+dx]®
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{-13 (a3-8a2b+80ab2+329b3)ArcTan[i
bS/Z \/K
((ﬁfj\/am \/(Cosh[c] - Sinh[c])? ] Sinh[c] Tanh[d—x] +Cosh[c] (\Efjx/aer \/(Cosh[c} -Sinh[c])? Tanh[d—x] )} -
2 2
L3 (a®>-8a’b+88ab”+320b%) Ar‘cTan[i((\/?H'm/aer \/(Cosh[c] -Sinh[c])? ) Sinh[c] Tanh[d—x} +
b5/2 \/F 2
Cosh[c] (\E+J’1\/a+b \/<Cosh[c} —Sinh[c])z Tanh[dfx]))] +512+/a Cosh[c] Cosh[dx] -
2

8\/a_(a3+24a2b+89ab2+64b3)Cosh[c+dx] 2\/;(3a3—24a2b—400ab2—576b3)Cosh[c+dx]

+512+/a Sinh[c] Sinh[dx]

b(a+2b+aCosh[2 (c+dx)])? b (a+2b+acCosh[2 (c+dx)])

Problem 43: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Sinh[c+dx]?
J dx
(

a+bSech[c+dx]2)3

Optimal (type 3, 187 leaves, 7 steps):
(a+6b) x Vb (15a2+40ab + 24 b?) ArcTanh[w]

a+b
- + +

2a* 8a4(a+b)3/2d

Cosh[c+dx] Sinh[c +dx] 3bTanh[c+dx] b (11a+12b) Tanh[c +dx]

+ +

4a’d (a+b-bTanh[c+dx]2)®> 8a(a+b)d(a+b-bTanh[c+dx]?)

2ad (a+b-bTanh[c+dx]?)?

Result (type 3, 3106 leaves):

-5 (a+2b+aCosh[2c+2dx}>3Sech[c+dx}6

v/b Tanhlc+dx]
(32> +8ab+8b?) ArcTanh| bTar:ledX] aVb (3a2+16ab+16b2+3a (a+2b) Cosh[2 (c+dx)])Sinh[2 (c+dx)] /

(a+b)*? (a+b)2(a+2b+aCosh{2(c+dxH)2

8192 b°/2d (a+bSech[c+dx]2)3) - (a+2b+aCosh[2c+2dx})E’Sech[c+dx}6
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3a(a+2b) Amanh{w]

a+b
- +

(a+b)®? (a+b)? (a+2b+aCosh[2 (c+dx)])

Vb (3a°+14a?b+24ab2+16b>+a (3a%+4ab+4b?) Cosh[2 (c+dx)]) Sinh[2 (c+dX) ] /
] 2

1

(2048652 d (a+bSech(c+dx]?)?] +
32 (a+bSech[c+dx]2)?

1
(a+2b+aCosh[2c+2dx})E‘Sech[c+dx}6 —2(3a5—10a4b+89a3b2+480a2b3+640ab4+256b5)

(a+b)
) i1 Cosh[2 ] 1 Sinh[2 ]
i ArcTan|[Sech[dx] |- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c] -bSinh[4c]

(—aSinh[dx]—ZbSinh[dx]+aSinh[2c+dx])]Cosh[2c] /(64a3b2\/a+b d+/bCosh[4c] -bSinh[4c] )—

i ArcTan|Sech[d x]

i Cosh[2c] i Sinh[2c] ]
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c]-bSinh[4cC]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

/(64a3b2\/a+b d+/bCosh[4c] —bSinh[4c] )] N

1

Sech[2c] (768 a*b®dxCosh[2c] +3584a°>b’>dxCosh[2c] +6912a*b*dxCosh[2c] +
128a%b? (a+b)*d (a+2b+aCosh[2c+2dx])?
6144 ab®> d x Cosh[2 c] + 2048 b®d x Cosh[2c] + 512 a*b?d x Cosh[2d x] + 2048 a> b3 d x Cosh[2d x] + 2560 a? b* d x Cosh[2d x] +
1024 ab’> dxCosh[2d x] +512a*b?dx Cosh[4c+2dx] +2048a>b3>dx Cosh[4c+2dx] +2560a%b*dxCosh[4c+2dx] +
1024 ab’>dxCosh[4c+2dx] +128a*b?>dxCosh[2c+4dx] +256a°b3>dxCosh[2c+4dx] +128a2b*dxCosh[2c+4dx] +
128 a*b>dx Cosh[6c+4dx] +256a>b3>dxCosh[6c+4dx] +128a2b*dxCosh[6c+4dx] -9a®Sinh[2c] +12a°bSinh[2c] +
684 a* b2 Sinh[2c] + 2880 a®> b> Sinh[2c] + 5280 a? b* Sinh[2c] + 4608 ab®> Sinh[2c] + 1536 b® Sinh[2c] +9a® Sinh[2d Xx] -
14a°bSinh[2d x] - 608 a*b? Sinh[2d x] - 2112 a®> b3 Sinh[2d x] - 2560 a® b* Sinh[2d x] -1024 ab® Sinh[2d x] -3 a®Sinh[4c+2dx] +
10a°bSinh[4c+2dx] +304a*b?Sinh[4c+2dx] +1056 a®>b3Sinh[4c+2dx] +1280a’b*Sinh[4c+2dx] +512ab’°Sinh[4c+2dx] +

3a°Sinh[2c+4dx] -12a°bSinh[2c+4dx] -204a*b*Sinh[2c+4dx] -384a’b’>Sinh[2c+4dx] -192a°b*Sinh[2c+4dx]) | +

1

(a+2b+aCosh[2c+2dx])®Sech[c+dx]®
128 (a+bSech[c+dx]2)3

1
(—2 (a6 -8a’b+120a%*b%+1280a°b> +3200a%b* + 3072 ab’ + 1024 b6)
(a+b)

|

3i ArcTan|Sech[dx] |- +
2+va+b \/bCosh[4c] -bSinh[4c] 2+/a+b +/bCosh[4c] -bSinh[4c]

i Cosh[2c] iSinh[2c] ]

(-asinh[dx] -2bsSinh[dx] +aSinh[2c+dx]) | Cosh[2c1]/ (64a4b2\/a+b d+bCosh[4c] -bSinh[4c] )] +
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BjArcTan[Sech[d X] |- +
2+/a+b /bCosh[4c] -bSinh[4c] 2+/a+b \/bCosh[4c] -bSinh[4c]

i Cosh[2c] i Sinh[2c] )

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ]| Sinh[zq]/ (64a4b2\/a+b d+/bCosh[4c] -bSinh[4c] )] +

1

Sech[2c] (-4608a°b>dx Cosh[2c] -38720a* b’ dxCosh[2c] -

128a*b? (a+b)?d (a+2b+aCosh[2c+2dx])?
84480 a*b*d x Cosh[2c] -119808 a> b>dx Cosh[2c] - 86016 ab®dx Cosh[2c] -24576 b’ d x Cosh[2 c] - 3072 a° b?d x Cosh[2d x] -
18432 a*b>dx Cosh[2d x] -39936a%b*dxCosh[2dx] -36864a%b>dxCosh[2dx] -12288ab®dxCosh[2dx] -
3072 a°b®dxCosh[4c+2dx] -18432a*b>dxCosh[4c+2dx] -39936ab*dxCosh[4c+2dx] -36864a%b>dxCosh[4c+2dx] -
12288 ab®dxCosh[4c+2dx] -768a°b?>dxCosh[2c+4dx] -3072a*b>dxCosh[2c+4dx] -3840a>b*dxCosh[2c+4dx] -
1536 a2b> d x Cosh[2c+4dx] -768a°b>dxCosh[6c+4dx] -3072a*b>dxCosh[6c+4dx] -3840ab*dxCosh[6c+4dx] -
1536 a2 b d xCosh[6c+4dx] +9a’ Sinh[2c] -54a%bSinh[2c] - 2392 a°b%Sinh[2c] -13968 a* b>Sinh[2c] -
36480 a3 b* Sinh[2c] - 50432 a%b° Sinh[2c] - 35840 ab®Sinh[2c] -10240b7 Sinh[2c] -9a’ Sinh[2dx] +56 a® b Sinh[2d x] +
2552 a° b2Sinh[2dx] +13184a*b3Sinh[2d x] +27072a®b*Sinh[2d x] + 24576 a®?b> Sinh[2d x] + 8192 ab® Sinh[2d x] +
3a’Sinh[4c+2dx] -24a®bsSinh[4c+2dx] -600a°b?2Sinh[4c+2dx] -3200a*b>Sinh[4c+2dx] -6720a>b*Sinh[4c+2dx] -
6144 a2 b Sinh[4c+2dx] -2048ab®Sinh[4c+2dx] -3a’Sinh[2c+4dx] +26a°bSinh[2c+4dx] +992a°b2Sinh[2c+4dx] +
3648 a* b3 Sinh[2c+4dx] +4480a%b*Sinh[2c+4dx] +1792a2b°Sinh[2c+4dx] +256a°b2Sinh[6c+4dXx] +
1024 a* b3 Sinh[6c+4dx] +1280a>b* Sinh[6c+4dx] +512a%2b°Sinh[6c+4dx] + 64a°b?Sinh[4c+6dX] +

128 a*b>Sinh[4c+6dx] + 642’ b*Sinh[4c+6dx] +64a°b*Sinh[8c+6dx] +128a*b>Sinh[8c+6dx] + 643’ b*Sinh[8c+6dx]) | +

1

(a+2b+aCosh[2c+2dx])?
4096 b? (a+b)?d (a+bSech[c+dx]?)>

Sech[c+dx]®

6 a2 APCTanh[Sech[dx} (Cosh[2c]-Sinh[2c]) ((a+2b) Sinh[dx]-aSinh[2c+dXx]) ] (COSh [2 c] - Sinh[2 C])
2+/a+b \/b (Cosh[c]-Sinh[c])*

Va+b \/b (Cosh[c] -sinh[c])*
(asech[2c] ((-9a*-16a’b+48a*b>+128ab’ + 64b*) Sinh[2d x] +

a(-3a®+2a’b+24ab?+16b°) Sinh[2 (c+2dx)| + (3a*-642a%b?-128ab®-64b*) Sinh[4c+2dx]) +

(9a°+18a%b- 642’ b> - 25632 b> - 320ab* - 128b°) Tanh[2¢]) / (a? (a+2b+aCosh[2 (c+dx)])?)

Problem 44: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx
3

J Sinh[c +dx]
(a+bSech[c+dx]?)
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Optimal (type 3, 116 leaves, 5steps):
15+/b ArcTan [ w}

Vb 15 Cosh[c + d x] Cosh[c+dx]® 5Cosh[c+dx]3
_ + _
8a’/2d 8a3d 4ad(b+aCosh[c+dx}2)2 8a2d(b+aCosh[c+dx12>
Result (type 3, 1272 leaves):
1 2 2 1 - . 2 . d x
5|3 (a®-4ab+16b?) Ar‘cTan[—[(\/?—Jm/a+b \/(Cosh[c} - Sinh[c]) ) Sinh[c] Tanh| —] +
4096 a°/2b>/2d (a+bSech[c+dx]?)? Vb 2
1
Cosh[c] (\E—j\/a+b \/ (Coshic] - sinh(c])? Tanh[d—x] )] +3 (a®-4ab+16b?) ArcTan| ——
2

Vb
((\/?+J‘1\/a+b J(Cosh[c} —Sinh[c])2 ) Sinh[c] Tanh{d—x] + Cosh[c] [V?+Ji\/a+b \/(Cosh[c] —Sinh[c])2 Tanh{d—x})J] +
2 2

8+Va b*? (a?+12ab+16b?) Cosh[c+dx] 2+a Vb (3a2-12ab-80b2) Cosh[c+dx]
+

(a+2b+aCosh[2c+2dx])*Sech[c+dx]®+

(a+2b+aCosh[2(c+dx)])2 a+2b+aCosh[2 (c+dx) |
3 APCTan[\/ai—iMTanh“—(udxw ] +Ar\c_|_an[\/aiﬂimTanhP—(udxw]
s Vb Vb 2+/b Cosh[c+dx] (3a+1@b+3aCosh[2 (c+dx)|)
+
\a (a+2b+aCosh[2(c+dx)])2

(a+2b+aCosh[2c+2dx])>Sech[c+dx]® /(4096b5/2d (a+bSech[c+dx}2>3) +

1

9(-(3a-4b) Ar‘cTan[i((\/?ﬂix/aer \/(Cosh[c] -Sinh[c])? ) Sinh[c] Tanh[d—x} +
4096 a*'2b>'2d (a+bSech[c+dx]?)> Vb 2
Cosh[c] (\/?—Ji\/aer J(Cosh[c} - Sinh(c])? Tanh[d—x]])] +ArcTan | !
2 /b
[(\/?+]'l\/a+b \/<Cosh[c} -Sinh[c])? ) Sinh[c] Tanh[d—x] +Cosh[c] {V?+Ji\/a+b \/(Cosh[c] -Sinh[c])? Tanh[d—x} ]J -
2 2

2+/a /b Cosh{c+dx] (3a2+6ab+8b2+a (3a-4b) Cosh[2 (c+dx)])

(a+2b+aCosh[2c+2dx])>Sech[c+dx]®+
(a+2b+aCosh[2 (Cerx)”2

1

(a+2b+aCosh[2c+2dx1)E'Sech[c+dx16
4096 a’/2 d (a+bSech[c+dx}2)3
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{—LB (a3—8a2b+86ab2+320b3‘)Ar‘cTan[L
p5/2 \/—
((\/a_—i\/a+b \/(Cosh[ - Sinh[ 2]Slnh Tanh[dx] +Cosh[ (\/——1\/a+b \/ Cosh(c] -Sinh[c])? Tanh[d—x] )} -
2 2

%/23 (a®>-8a’b+80ab”+320b°) Ar‘cTan[i((\/;+i\/a+b \/(Cosh[c] —Sinh[c])z ) Sinh[c] Tanh[dfx} +
b b 2

Cosh| [\/—+1\/a+b \/ Cosh[c] -Sinh[c])? Tanh[de]J)] +512+/a Cosh[c] Cosh[dx] -
2

8\/a_(a3+24a2b+80ab2+64b3)Cosh[c+dx] 2\/;(3a3—24a2b—400ab2—576b3)Cosh[c+dx]

b(a+2b+aCosh[2 (c+dx)])? b (a+2b+acCosh[2 (c+dx)])

+512+/a Sinh[c] Sinh[d x]

Problem 45: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Csch[c +dx]
(a+bSech[c+dx]2)3

dx

Optimal (type 3, 154 leaves, 6steps):
Vb (15a2+10ab + 3b?) ArcTan [ L2 Coshiczdx] |

NC ArcTanh[Cosh[c +d x] ] bCosh[c+dx]3 b (7a+3b) Cosh[c +dx]
8a*2 (a+b)’d (a+b)’d 4a(a+b)d(b+aCosh[c+dx]?)? 8a?(a+b)?d (b+aCosh[c+dx]?)
Result (type 3, 440 leaves):
1

64 (a+b)>d (a+bSech[c+dx]2)3

8b? (a+b)? 2b(a+b) (9a+5b) (a+2b+aCosh[2 (c+dx)])

(a+2b+acCosh[2 (c+dx)]) Sech[c+dx]®

+

e (15a*+10ab+3b?)

a2 a2 3°/2

Ar‘cTan[i((\/?—j\/aer \/(Cosh[c] —Sinh[c])z ] Sinh[c] Tanh[dx] + Cosh| (\ﬁ—l\/aer \/ Cosh| —Sinh[c})z Tanh[dfx]])}
Jb 2 2

<a+2b+aCosh[2(c+dx)])25ech[c+dx]+ 1 \/F<15a2+10ab+3b2)

a5/2

1
ArcTan [ —
Vb

(\/?+J'l\/a+b \/(Cosh[c] fSinh[c])z ] Sinh[c] Tanh[dx] + Cosh| (\ﬁ+1\/a+b \/ Cosh| —Sinh[c})z Tanh[dfx]

2 2

/)

(a+2b+aCosh[2 (c+dx)])25ech[c+dx] -8 (a+2b+aCosh[2 (c+dxH)ZLog[Cosh[l (c+dx)]]sechic+dx] +
2

8 (a+2b+aCosh[2 (Cerx)])zLog{Sinh[l (c+dx)]]sechic+dx]
2
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Problem 46: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Csch[c+dx]?
J dx
(

a+bSech[c+dx]2)3

Optimal (type 3, 126 leaves, 5 steps):

2/b Tanh[c+dx]
15 b ArcTanh| — ] 15 Coth[c + d x] Coth[c +dx] 5 Coth[c +dx]

+ +

8 (a+b)’?d 8(a+b)’d 4 (a+b)d(a+b-bTanh[c+dx]2)? 8 (a+b)’d (a+b-bTanh[c+dx]?)

Result (type 3, 981 leaves):

[(a+2b+aCosh[2c+2dx})3Sech[c+dx]6

- +

2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b \/bCosh[4c] -bSinh[4c]

- [ (15 i b ArcTan [Sech [dx]

i Cosh[2c] i Sinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c]

/(64\/a+b d+/bCosh[4c] -bSinh[4c] )J .

15 i b ArcTan|[Sech [d x]

i Cosh[2c] i Sinh[2c] ]
- +
2+v/a+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

/(64\/a+b d+/bCosh[4c] -bSinh[4c] )J]/

((a+b)3(a+bSech[c+dx}2)3>+ ! (a+2b+aCosh[2c+2dx])

512a% (a+b)>d (a+bSech[c+dx]?)?

Cschc]

Cschc+dx]

Sech[2 (]

Sech[c+dx]®

(-32a*sinh[d x] - 64 2> bSinh[dx] +22a?b?Sinh[d x] + 80 ab’Sinh[dx] + 16 b* Sinh[dx] +32a*Sinh[3dx] +46a’>bSinh[3dx] -
54 a2 b?>Sinh[3dx] -8ab®Sinh[3dx] -48a*Sinh[2c-dx] -128a*bSinh[2c-dx] -106 a?b?Sinh[2c-dx] +
80ab3Sinh[2c-dx] +16b*Sinh[2c-dx] +48a*Sinh[2c+dx] +146a>bSinh[2c+dx] +182a%b?Sinh[2c+dx] +
80ab3Sinh[2c+dx] +16b*Sinh[2c+dx] -32a*Sinh[4c+dx] -82a®bSinh[4c+dx] -54a2b%Sinh[4c+dx] -
80ab3Sinh[4c+dx] -16b*Sinh[4c+dx] -8a*Sinh[2c+3dx] +18a®bSinh[2c+3dx] +54a2b%Sinh[2c+3dx] +
8ab®Sinh[2c+3dx] +32a%*Sinh[4c+3dx] +73a’bSinh[4c+3dx] +24a%b?>Sinh[4c+3dx] +8ab3Sinh[4c+3dx] -
8a*Sinh[6c+3dx] -9a’bsSinh[6c+3dx] -24a’b?Sinh[6c+3dx] -8ab3>Sinh[6c+3dx] +8a*Sinh[2c+5dx] -
9a’bsinh[2c+5dx] -2a*b*Sinh[2c+5dx] +9a’bSinh[4c+5dx] +2a’b*Sinh[4c+5dx] +8a*Sinh[6c+5dX])
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Problem 47: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Csch[c+dx]3
(

a+bSech[c+dx]2)3

dx

Optimal (type 3, 213 leaves, 7 steps):

+/a Cosh[crdx]
Vb (15a2-1@ab - b?) ArcTan |+ cojh{ “ . (a-5b) ArcTanh[Cosh[c +dx]] .

8a*2 (a+b)*d 2 (a+b)*d

(2a-b) bCosh[c+dx] (4a%?-9ab-b?) Cosh[c+dx] Cosh[c+dx] Coth[c +dx]?2

4a(a+b)®d(b+aCosh{c+dx]?)®> 8a(a+b)>d(b+aCosh{c+dx]2) 2 (a+b)d (b+aCoshfc+dx]?)?

Result (type 3, 524 leaves):
1

64 (a+b)*d (a+bSech[c+dx]?)’

8 b2 (a+b)2 2b(a+b) (9a+b> (a+2b+aCosh[2<c+dx)]) 1

- ¥ +——/b (-15a’>+1@ab + b?)
a a a3/2

[(\/?—i\/a+b \/(Cosh[c] - Sinh[c])? ] Sinh[c] Tanh[d—x] +Cosh[c] (\/?—jm/a+b \/(Cosh[c} -Sinh[c])? Tanh[d—x]

2 2

(a+2b+acCosh[2 (c+dx)]|) Sech[c+dx]®

1

ArcTan |
Vb

/)

(a+2b+aCosh[2(c+dx)])25ech[c+dx]+ ! Vb (-15a%+10ab+ b?)

a3/2

Ar‘cTan[% (\/?Hi\/aer \/(Cosh[c] —Sinh[c])z ] Sinh[c] Tanh[d—x] +Cosh[c] (\E+J’1\/a+b \/(Cosh[c} —Sinh[c})z Tanh[d—x]])]
b 2 2
(a+2b+aCosh[2(c+dx)])25ech[c+dx]—(a+b) (a+2b+aCosh[2(c+dx)])2Csch[1(c+dx)]25ech[c+dx]+

2
4 (a-5b) (a+2b+aCosh|2 (c+dx)])2Log[Cosh[

N |

(c+dx)H Sech[c+dx] -4 (a-5b) (a+2b+aCosh[2 <c+dx)])2

Log[Sinh| (c+dx)H Sech[c+dx] - (a+b) (a+2b+aCosh[2 (c+dx)”25ech[l (c+dx”25ech[c+dx]

2

N |

Problem 48: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Csch[c+dx]*
(

a+bSech[c+dx]2)3

dx

Optimal (type 3, 165leaves, 6 steps):
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a+b
- +

8 (a+b)*?*d (a+b)*d

5(3a74b)\/FAr*cTanh[m“*—de} (a-2b) Coth[c+dx]

Coth[c+dx]3 abTanh[c+dx] (7a-4b) bTanh[c+dx]

3 (a+b)’d 4(a+b)’d(a+b-bTanh[c+dx]?)* 8 (a+b)*d (a+b-bTanh[c+dx]?)
Result (type 3, 1228 leaves):

[(3a4b) (a+2b+aCosh[2c+2dx])*Sech[c+dx]®

. i Cosh[2c] i Sinh[2c]
5ibArcTan[Sech[dx] |- +

2+/a+b \/bCosh[4c] -bSinh[4C] 2+/a+b \/bCosh[4c] -bSinh[4C]

(-aSinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c] /(64\/a+b d+/bCosh[4c] —bSinh[4c] )—

. i Cosh[2c] i Sinh[2c]
51 bAr‘cTan[Sech[d x] |- +

2+/a+b \/bCosh[4c] -bSinh[4c] 2+a+b /bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[Zc]J/ (64\/a+b d+/bCosh[4c] -bSinh[4c] )]J/

1

((a+b)4 (a+bSech[c+dx12)3) + (a+2b+aCosh[2c+2dx])

6144a (a+b)*d (a+bSech[c+dx]?)’

Cschc]

Csch[c+dx]3

Sech[2c]

Sech[c +dx]®

(-176 a* sinh[d x] - 488 a> b Sinh[d x] - 252 a® b> Sinh[d x] - 584 ab® Sinh[d x] - 144 b* Sinh[d x] + 96 a* Sinh[3d x] + 71a’ bSinh[3dx] -
344 a® b?Sinh[3d x] +1208 ab®Sinh[3dx] - 48 b%*Sinh[3dx] - 224a*Sinh[2c-dx] -576a>bSinh[2c-dx] -124a%2b%Sinh[2c-dx] +
2184 ab3Sinh[2c-dx] - 144 b*Sinh[2c-dx] +224a*Sinh[2c+dx] +657a>bSinh[2c+dx] +538a?b2Sinh[2c+dx] -
984 ab®Sinh[2c+dx] -144b*Sinh[2c+dx] -176 a*Sinh[4c+dx] -569 a>bSinh[4c+dx] - 666 a2b%Sinh[4c +dx] -
1704 ab®Sinh[4c+dx] + 144 b*Sinh[4c+dx] -48a*Sinh[2c+3dx] -111a®bSinh[2c+3dx] -360a?b?Sinh[2c+3dx] -
312ab3Sinh[2c+3dx] +48b*Sinh[2c+3dx] +96a*Sinh[4c+3dx] +152a>bSinh[4c+3dx] - 146 a>b?>Sinh[4c+3dXx] +
728 ab>Sinh[4c+3dx] +48b*Sinh[4c+3dx] -48a*Sinh[6c+3dx] -192a®bSinh[6c+3dx] - 558 a2 b%Sinh[6c+3dx] +
168 ab>Sinh[6c+3dx] -48b*Sinh[6c+3dx] -16a*Sinh[2c+5dx] + 598 a2b%Sinh[2c+5dx] -48ab>Sinh[2c+5dx] -
72a>bSinh[4c+5dx] -150a2b2Sinh[4c+5dx] +48ab3Sinh[4c+5dx] -16a*Sinh[6c+5dx] -27a®bSinh[6c+5dx] +
388a2b?Sinh[6c+5dx] -45a3bSinh[8c+5dx] +60a%b?Sinh[8c+5dx] -16a*Sinh[4c+7dx] +83a’bSinh[4c+7dx] -
6a’b”Sinh[4c+7dx] -27a*bSinh[6c+7dx] +6a’b>Sinh[6c+7dx] -16a*Sinh[8c+7dx] +56a>bSinh[8c+7dx])
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Problem 62: Result more than twice size of optimal antiderivative.
JSech[Cerx]2 (a+bSech[c+dx]2)2d1X
Optimal (type 3, 53 leaves, 3 steps):

(a+b)2Tanh[c+dx] 2b (a+b) Tanh[c+dx]® b2Tanh[c+dx]®
- +
d 3d 5d

Result (type 3, 116 leaves):
a’Tanh[c+dx] 4abTanh[c+dx] 8b?Tanh[c+dx]

d 3d 15d
2abSech[c+dx]2Tanh[c+dx] 4b%2Sech[c+dx]2Tanh[c+dx] b?Sech[c+dx]%Tanh[c+dXx]
+

+

3d 15d 5d

+

Problem 64: Result more than twice size of optimal antiderivative.

JSech[c+dx]4 (a+bSech[c+dx]?)?dx

Optimal (type 3, 80leaves, 3 steps):
(a+b)2Tanh[c+dx] (a+b) (a+3b) Tanh[c+dx]®> b (2a+3b) Tanh[c+dx]® b2Tanh[c+dx]’

+

d 3d 5d 7d

Result (type 3, 190 leaves):
2a’Tanh[c+dx] 16abTanh[c+dx] 16b%2Tanh[c+dx] a?Sech[c+dx]2Tanh[c+dx] 8abSech[c+dx]2Tanh[c+dx]
+ +

+ + +
3d 15d 35d 3d 15d
8b?Sech[c+dx]2Tanh[c+dx] 2abSech[c+dx]*Tanh[c+dx] 6b2Sech[c+dx]*Tanh[c+dx] b2?Sech[c+dx]®Tanh[c+dXx]
+ + +
35d 5d 35d 7d

Problem 68: Result more than twice size of optimal antiderivative.

JCosh[c+dx] (a+bSech[c+dx]2>3dlx

Optimal (type 3, 93 leaves, 6 steps):
3b (8a2+4ab+b2) ArcTan[Sinh[c+dXx]] a3Sinh[c+dx] 3b? (4a+b) Sech[c+dx] Tanh[c+dx] b3Sech[c+dx]3Tanh[c+dx]

+ + +

8d d 8d 4d

Result (type 3, 189leaves):
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1

(b+aCosh[c+dx]2)3Sech[c] Sech[c+dx]*
d(a+2b+aCosh[2 (c+dx)”3

1
6b (8a’+4ab+b?) ArcTan[Tanh[ = (c+dx) || Cosh[c] Cosh[c+dx]*+2b?Cosh[c+dx] Sinh[c] +3b? (4a+b) Cosh[c+dx]>Sinh[c] +
2

43’ Cosh[dx] Cosh[c+dx]*Sinh[2c] +2b>Sinh[dx] +3b® (4a+b) Cosh[c+dx]?Sinh[dx] +8a®Cosh[c]?Cosh[c+dx]*Sinh[dx]

Problem 70: Result more than twice size of optimal antiderivative.

JSech[Cerx]2 (a+b5ech[c+dx]2)3d1x

Optimal (type 3, 74 leaves, 3 steps):
(a+b)’Tanh[c+dx] b (a+b)*Tanh[c+dx]®> 3b?(a+b) Tanh[c+dx]> b3 Tanh[c+dx]’

+

d d 5d 7d

Result (type 3, 3191leaves):
1

280d (a+2b+aCosh[2 (c+dx)])?

Sech[c] Sech[c +dx] (a+bSech[c+dx}2)3 (140 (5a*+11a’b+10ab*+4b%) Sinh[dx] -35a (15a*+26ab+16b*) Sinh[2c+dx] +
525a>Sinh[2c+3dx] +1260a?bSinh[2c+3dx] +1176 ab?Sinh[2c+3dx] +336b3>Sinh[2c+3dx] -210a®Sinh[4c+3dx] -
210a’bSinh[4c+3dx] +210a>Sinh[4c+5dx] +490a?bSinh[4c+5dx] +392ab?Sinh[4c+5dx] +112b3>Sinh[4c+5dx] -
35a*Sinh[6c+5dx] +35a>Sinh[6c+7dx] +70a°bSinh[6c+7dx] +56ab”>Sinh[6c+7dx] +16b>Sinh[6c+7dx])

Problem 71: Result more than twice size of optimal antiderivative.
JSech[c+dx]3 (a+bSech[c+dx]2)3d1x

Optimal (type 3, 196 leaves, 6 steps):
(64a%+144a2b+120ab? + 35b%) ArcTan[Sinh[c+dx]]

+

128d
(64 a%+144a2b+120ab? + 35b°) Sech[c +dx] Tanh[c+dx] b (72a?+92ab+35b?) Sech[c+dx]>Tanh[c+dx]
+ +
128d 192d
b (12a+7b) Sech[c+dx]® (a+b+aSinh[c+dx]?) Tanh[c+dx] bSech[c+dx]’ (a+b+aSinh[c+dx]2)2Tanh[c+dx]
+
48 d 8d

Result (type 3, 629 leaves):
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dx

4 94X
2

(64a*+144a2b+120ab?+ 35b*) ArcTan|Tanh | |] Cosh[c+dx]® (a+bSech[c +dx12)3

<
2

+

8d (a+2b+aCosh[2c+2dx])3

Cosh[c +dx] Sech[c] (a+bSech[c+dx]2>3 (24ab?sinh[c] + 7b3Sinh[c])

+

6d (a+2b+aCosh[2c+2dx])>

Cosh[c +dx]3Sech[c] (a+b5ech[c+dx]2)3 (144 a%bsinh[c] +120ab?Sinh[c] + 35b%Sinh[c])

.
24d (a+2b+aCosh[2c+2dx])?

(Cosh[c+dx155ech[c] (a+bSech[c+dx]2)3 (64 a*>sinh[c] + 144 a*bSinh[c] + 120 ab?Sinh[c] + 35b? Sinh[c]))/
b® Sech[c] Sech[c+dx]2 (a+bSech[c+dx]2)Sinh[dx]

(16d(a+2b+aCosh[2c+2dx])3)+ +
d (a+2b+aCosh[2c+2dx1)3

Sech[c] (a+bSech[c+dx12)3 (24ab?sinh[dx] +7b3Sinh[dx])

+

6d (a+2b+aCosh[2c+2dx]>3

Cosh[c+dx]2Sech[c] (a+bSech[c+dx]2)3 (144 a?bsinh[d x] + 1280 ab? Sinh[d x] + 35b?Sinh[d x])

+

24d (a+2b+aCosh[2c+2dx})3
(Cosh[c+dx}4Sech[c] <a+bSech[c+dx]2)3 (64 a*sinh[d x] + 144 a*b Sinh[d x] + 120 a b Sinh[d x] + 35 b> Sinh[d x}))/

b*Sech[c +dx] (a+bSech[c+d x]2>3Tanh[c]

(16d (a+2b+aCosh[2c+2dx])3) +
d (a+2b+aCosh[2c+2dx])3

Problem 72: Result more than twice size of optimal antiderivative.

jSech[Cerx]4 (a+bSech[c+dx]2)3d1x

Optimal (type 3, 108 leaves, 3 steps):
(a+b)’Tanh[c+dx] (a+b)®(a+4b) Tanh[c+dx]> 3b(a+b) (a+2b)Tanh[c+dx]® b?(3a+4b)Tanh[c+dx]’ b?Tanh[c+dx]®

+ - +

d 3d 5d 7d 9d

Result (type 3, 348 leaves):
1

40320d
Sech[c] Sech[c+dx]® (63 (125a%+324a’b+312ab? + 128 b*) Sinh[dx] - 315a (17a®+36ab+24b?) Sinh[2c+dx] + 6825a° Sinh[2c+3dx] +
18648 a’?b Sinh[2c+3dx] +18144ab?Sinh[2c+3dx] +5376 b>Sinh[2c+3dx] - 1995 a3 Sinh[4c+3dx] -
2520 a’b Sinh[4c+3dx] +3465aSinh[4c+5dx] +9072a’bSinh[4c+5dx] + 7776 ab®>Sinh[4c+5dx] +
2304 b3 Sinh[4c+5dx] -315a>Sinh[6c+5dx] +945a>Sinh[6c+7dx] +2268a’bSinh[6c+7dx] +1944ab?Sinh[6c+7dx] +
576 b> Sinh[6c+7dx] +105a>Sinh[8c+9dx] +252a*bSinh[8c+9dx] +216ab*Sinh[8c+9dx] +64b>Sinh[8c+9dx])

| 69
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Problem 76: Result more than twice size of optimal antiderivative.

Cosh[c +dx]
J dx

a+bSech[c+dx]?

Optimal (type 3, 52leaves, 3 steps):

bAr‘cTan[lfa Sinh[c+d x ]

a+b Sinh[c +dXx]
- +

a¥2+/a+b d ad
Result (type 3, 147 leaves):

va+b Csch[c+dx] \/ (Cosh[c] -Sinh[c])? (Cosh[c] +Sinh[c])
Va

b ArcTan]|

| coshic] -

va+b Csch[c+dx] \/ (Cosh[c] —Sinh[c])2 (Cosh[c] +sSinh[c])
Va

bAr‘cTan[ } Sinh[c] +

Va Va+b \/(Cosh[c] —S.inh[c:])2 Sinh[c +dx] /(a3/2\/a+b d\/(Cosh[c] —Sinh[c])z)

Problem 77: Result more than twice size of optimal antiderivative.

Sech[c +dX]
J dx

a+bSech[c+dx]?

Optimal (type 3, 36 leaves, 2 steps):
Ar'cTan[lza Sinh[c+dx }

a+b

Va v/a+b d
Result (type 3, 114 leaves):

va+b Cschlc+dx] \/ (Coshic] —Sinh[c])2 (Cosh[c] +sSinh[c])
Va

(2\5\/a+b d (a+bSech[c+dx]?) \/(Cosh[c] —Sinh[c})z)

ArcTan [

| (a+2b+aCosh[2 (c+dx)]) Sech[c+dx]? (-Cosh[c] +Sinh[c]) /
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Problem 79: Result more than twice size of optimal antiderivative.

Sech[c+dx]3
J dx

a+bSech[c+dx]?

Optimal (type 3, 55leaves, 4 steps):
\/?ArcTan[w}

ArcTan[Sinh[c +d Xx]] 2:b

bd bva+b d
Result (type 3, 194 leaves):

(a+2b+acCosh[2 (c+dx)]) Sech[c+dx]?

a+b Cschic+d Cosh[c] - Sinh > (Cosh[c] +Sinh
a sch[c x]\/( osh[c] -Sinh[c])* (Cosh[c] +Sin [C}>]Cosh[c}+2 P Ar‘cTan[Tanh[l

\/; 2

va+b Csch[c+dx] \/ (Cosh[c} -Sinh[c] >2 (cosh[c] +Sinh[c}) ] sinh(c] /
Va

<C+dX)H

Va ArcTan |

\/ (Coshic] -sinh[c])? -+/a ArcTan|

(2bmd (a+bsSech[c+dx]?) \/<Cosh[c} —Sinh[c})z)

Problem 80: Result more than twice size of optimal antiderivative.

Sech[c+dx]*
J dx

a+bSech[c+dx]?

Optimal (type 3, 52 leaves, 3 steps):

A/b Tanh[c+dx
aArcTanh| o ] Tanh([c + d x]
- +

b32+/a+b d bd
Result (type 3, 182leaves):
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(a+2b+aCosh[2 (c+dx)]) Sechc+dx]?

Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dx])

2+/a+b /b (Coshic] -Sinh[c])*

aArcTanh| | (-Cosh[2c] +Sinh[2c]) +

va+b Sech[c] Sech[c +dx] \/b (Cosh[c] —Sinh[c])4 Sinh[d x] / (Zb\/a+b d (a+bSech[c+dx]?) \/b (Cosh[c] —Sinh[c])“]

Problem 81: Result more than twice size of optimal antiderivative.

Sech[c+dx]>
J dx

a+bSech[c+dx]?

Optimal (type 3, 86 leaves, 5steps):
23/2 ArcTan [ M]

(2a-b) ArcTan[Sinh[c+dx]] 5 Sech[c +dx] Tanh[c +dx]
- + +
2b%d b2/a+b d 2bd
Result (type 3, 213 leaves):
1

4b>~/a+b d (a+bSech[c+dx]?) \/(Cosh[c] —Sinh[c})2

Cosh[c] (a+2b+aCosh[2 (c+dx)]) Sech[c+dx]? [b~/a+b Sech[c}zsech[c+dx]2\/(Cosh[c} -Sinh(c])? Sinh[dx] +

va+b Cschlc+dx] \/ (Coshic] —Sinh[c])2 (Cosh[c] +Sinh[c])
Va

2a%2 ArcTan| ] (-1+Tanh[c]) -

a+b Sechic] J (Cosh[c] -Sinh[c])? (2 (2a-b) ArcTan[Tanh[1 (c+dx)]] -bsech[c+dx] Tanh[c}]}
2

Problem 82: Result more than twice size of optimal antiderivative.

Sech[c+dx]®
J dx

a+bSech[c+dx]?

Optimal (type 3, 77 leaves, 4 steps):
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2 A/b Tanh[c+dx]
a? ArcTanh [ - ] (a-b) Tanh[c+dx] Tanh[c+dx]3

p5/2 m d b2d 3bd
Result (type 3, 214 leaves):

(a+2b+acCosh[2 (c+dx)]) Sech[c+dx]?

Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dx])

2+a+b \/b (Cosh[c] -sinh[c])*

3a? ArcTanh| | (Cosh[2c] -sinh[2c]) +

va+b Sech[c+dx] \/b (Cosh([c] —Sinh[c})4 (Sechlc] (-3a+2b+bSech[c+dx]?)Sinh[dx] +bSech[c+dx] Tanh[c})]]/

(szx/a+b d (a+bSech[c+dx]?) \/b (Cosh[c] —Sinh[c])“)

Problem 85: Result more than twice size of optimal antiderivative.

Cosh[c +dx]
j dx
(

a+bSech[c+dx]2)2

Optimal (type 3, 100 leaves, 5steps):

v a Sinh[c+dx
b (4a+3b) ArcTan| — ] Sinh[c +dx] b2 Sinh[c +d x]
_ +

2252 (a+b)>2d azd Coa (a+b)d (a+b+asSinh[c+dx]?)

Result (type 3, 234 leaves):
1

(a+2b+acCosh[2 (c+dx)]) Sech[c+dx]?
8a%'2d (a+bSech[c+dx]2)2

va+b Csch[c+dx] \/ (Coshc] —Sinh[c])2 (Cosh[c] +sSinh[c])
Va

b (4a+3b) ArcTan| | (a+2b+aCosh[2 (c+dx)]) Sech[c+dx]

(Cosh[c] - sinh[c]) / ((a+b)3/2\/(Cosh[c] ~sinh[c])? ] +2+/a Cosh[dx] (a+2b+aCosh[2 (c+dx)]) Sechlc+dx] Sinh[c] +

2+/a b2Tanh[c +dx]

a+b

2+/a Cosh[c] (a+2b+aCosh[2 (c+dx)]) Sech[c+dx] Sinh[dx] +
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Problem 87: Result more than twice size of optimal antiderivative.

Sech[c+dx]?
J dx
(

a+bSech[c+dx]2)2

Optimal (type 3, 74 leaves, 3 steps):

Ar‘cTanh[ﬂb Tanh[c+d x ]

a+b Tanh[c +d X]
+

2\/F(a+b)3/2d 2 (a+b)d(a+b-bTanh[c+dx]?)

Result (type 3, 187 leaves):

(a+2b+acCosh[2 (c+dx)]) Sech[c+dx]*

Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dx])

2+a+b \/b (Cosh[c] -sinh[c])*

ArcTanh | | (a+2b+acCosh[2 (c+dx)])

(Cosh[2c] -sinh[2c])

/ (m\/b (Cosh[c] -sinh[c])* ] +

(a+2b) Tanh[2c]

Sech[2c] Sinh[2d x] -
a

]J/ (8 (a+b) d (a+bSech[c+dX]2)z)

Problem 88: Result more than twice size of optimal antiderivative.

Sech[c+dx]3
J dx
(

a+bSech[c+dx]2)2

Optimal (type 3, 73 leaves, 3 steps):

v/a Sinh[c+dx
ArcTan [ P } Sinh[c +dx]

2+/a (a+b)¥*d "2 (a+b)d(a+b+asSinh[c+dx]?)

Result (type 3, 150 leaves):
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[(a+2b+aCosh[2 (c+dx)]) sechic+dx]?

va+b Csch[c+dx] \/ (Coshc] —Sinh[c])2 (Cosh[c] +sinh[c])
Va

Ar‘cTan[

| (a+2b+acCosh[2 (c+dx)]) Sech[c+dx]

(-Cosh[c] +Sinh[c]) / (\E\/aer \/ (Cosh[c] —Sinh[c])z ] +2Tanh[c +dx]

]/ (8 (a+b)d (a+bSech[c+dx]2)2)

Problem 90: Result more than twice size of optimal antiderivative.
J Sech[c+dx]>
(

a+bSech[c+dx]2)2

dx

Optimal (type 3, 101 leaves, 5steps):

Va (2a+3b) Ar‘cTan[L;La sinhic:dx] |

ArcTan[Sinh[c +d x]] P aSinh[c+dx]

b d 262 (a+b]¥2d 2b(a+b)d(a+b+aSinh[c+dx]2)

Result (type 3, 282leaves):
1

(a+2b+acCosh[2 (c+dx)]) Sech[c+dx]?

8b2 (a+b)*?d (a+bSech[c+dx]?)?+/ (Cosh[c] - Sinh[c])?

va+b Cschic+dx] \/ (Cosh[c] —Sinh[c])2 (Cosh[c] +Sinh[c])
Va

JVa (2a+3b) ArcTan |

| Cosh[c] (a+2b+aCosh[2 (c+dx)]) Sech[c+dx] -

(a+2b+aCosh[2 (c+dx)]) Sech[c+dx] |-4 (a+b)3/2ArcTan[Tanh[1((:erx)]]\/(Cosh[c]fsinh[c])2 ++va (2a+3b) ArcTan]|
2

va+b Csch[c+dx] J (Coshic] —Sinh[c])2 (Cosh[c] +Sinh[c])
Va

| sinhfc]| -2ab+a+b \/(Cosh[c] -Sinh(c])? Tanh[c+dx]

Problem 91: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Sech[c+dx]®
(

a+bSech[c+dx]2)2

dx
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Optimal (type 3, 101 leaves, 5steps):

2/b Tanh[c+dx]
a (Ba+4b) Ar'cTanh[ — ] Tanh[c +d x] a2 Tanh[c +dx]
+

2052 (a+b)>2d b2d +2b2(a+b)d(a+b—bTanh[c+dx]2)

Result (type 3, 483 leaves):

[(3a+4b) (a+2b+aCosh[2c+2dx])*Sech[c+dx]*

|

i aArcTan[Sech[d x]

i Cosh[2c] i Sinh[2c] ]
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+ a+b /bCosh[4c]-bSinh[4cC]

(-aSinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c] /(8b2\/a+b d+/bCosh[4c] -bSinh[4c] )-

) i Cosh[2c] i Sinh[2c]
1 aArcTan [Sech [dx] |- +

2+va+b \/bCosh[4c] -bSinh[4c] 2+va+b \/bCosh[4c] -bSinh[4c]

/(8b2\/a+b d+/bCosh[4c] -bSinh[4c] )J]/

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

2b+acCosh[2c+2dx])*Sech[c] Sech[c+dx]®Sinh[d
((a+b) (a+bSech[c+dx]2)2)+ (a+2b+aCosh[2c+2dx])“Sech[c] Sech[c+dx]®Sinh[dx] .

4b2d (a+bSech[c+dx]?)?

(a+2b+aCosh[2c+2dx]) Sech[2c] Sech[c+dx]* (-a?Sinh[2c] -2abSinh[2c] +a%Sinh[2dx])
8b% (a+b) d (a+bSech[c+dx]2)?

Problem 92: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Sech[c+dx]7
J dx

(a+bSech[c+dx]2)2

Optimal (type 3, 153 leaves, 6 steps):

Va sinh[crdx]
(4a-b) ArcTan[Sinh[c +dx]] a*? (4a+5b) ArcTan[ = Slr:lbc m a(2a+b) sinh[c+dx] Sech[c +dx] Tanh[c +d x]
- + + +
2b3d 2 b3 (a+b)3/2d 2 b2 (a+b)d(a+b+asinh[c+dx}2) 2bd(a+b+aSinh[c+dx]2)

Result (type 3, 1144 leaves):
(4a-b) Ar‘cTan[Tanh[ierTXH (a+2b+aCosh[2c+2dx])*Sech[c+dx]*

- +

4b3d (a+bSech[c+dx12)2




Cosh[i] (a+2b+aCosh[2c+2dx])?Sech(c] Sech[c+dx}SSinh[§]

+|(4a*>+5a%b) (a+2b+aCosh[2c+2dx])?
2 2)2
4b%d (a+bSech[c+dx]?)

- s - ; s
Ar‘cTan[Csch[c +dX] A/ a+b Cosh[c] +/Cosh[2c]-Sinh[2C] . A/ a+b Sinh[c] /Cosh[2c]-Sinh[2C] ] COSh[C]
Va Va
Sech[c+dx]*% |- +
16+/a b3+/a+b d+/Cosh[2c] -Sinh[2c]
+ -Si + i -Si .
Ar‘cTan{Csch[c +d X v a+b Cosh[c] +/Cosh[2c]-Sinh[2C] + +a+b Sinh[c] +/Cosh[2c]-Sinh[2(] } Slnh[C]
Va Va /
16+va b3+/a+b d~/Cosh[2c] - Sinh[2c]
((a+b) <a+bSech[c+dx]2)2) +|(4a+5D) (a+2b+aCosh[2c+2dx})ZSech[c+dx}4
A a+ -Si A a+ i -Si
33/2 Ar‘cTan[Csch[c +dX} a+b Cosh[c] +/Cosh[2c]-Sinh[2(] N a+b Sinh[c] +/Cosh[2c]-Sinh[2C] } COSh[C]
Va Va
- +

16b3+/a+b d+/Cosh[2c] -Sinh[2 ]

a2 ArcTan[Csch(c +d x]

A/ a+b Cosh[c] +/Cosh[2c]-Sinh[2C] A/ a+b Sinh[c] /Cosh[2c]-Sinh[2C] .
+ ] Sinh[c]
\/a Va

/

16b3+/a+b d+/Cosh[2c] -Sinh[2 ]

((a+b) <a+bSech[c+dx]2)2) +|(4a®+52%b) (a+2b+aCosh[2c+2dx])ZSech[c+dx]4

i Cosh[c] Log[a+2b+aCosh[2c+2dx]] ilog[a+2b+aCosh[2c+2dx]] Sinh[c] JJ/
32+/a b3/a+b d+/Cosh[2c] -Sinh[2c] 32+/a b3/a+b d+/Cosh[2¢c] -Sinh[2c]

((a+b) (a+bSech[c+dx]2)2) +|(4a+5D) (a+2b+aCosh[2c+2dx1)ZSech[c+dx14

[ ia?2Cosh[c] Log[a+2b+aCosh[2c+2dx]] ja3/2Log[a+2b+aCosh[2c+2dx}]Sinh[c}]}/
- +
32b3+/a+b d+/Cosh[2c] -Sinh[2C] 32b3+/a+b d+/Cosh[2c] -Sinh[2C]

6.5 Hyperbolic secant.nb

| 77
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2b+acCosh[2c+2dx])%Sech[c] Sech d x]8Sinh[d
[(a+b) (a+bsechic+dx]?)?) + (a+2b+acCosh[2c+2dx])"Sech(c] Sech[c+dx)®Sinh[dx]

8b2d (a+bSech[c+dx]?)?

a? (a+2b+aCosh[2c+2dx]) Sech[c+dx]3Tanh[c+dx]

4b? (a+b) d (a+bSech[c+dx]?)?

Problem 96: Result more than twice size of optimal antiderivative.

Sech[c+dx]?
J( dx

a+bSech[c+dx]?)?

Optimal (type 3, 108 leaves, 4 steps):

/b Tanh[c+dx]
3Ar‘cTanh[ — ] Tanh[c +dx] 3Tanh[c +dx]

+ +

8vb (a+b)5/2d 4 (a+b)d (aerbeanh[c+dx]2)2 8 (a+b)2d (a+b-bTanh[c+dx]?)

Result (type 3, 258 leaves):

(a+2b+acCosh[2 (c+dx)]) Sech[c+dx]®

Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dx])

2+v/a+b \/b (Cosh[c] —Sinh[c])4

3Ar‘cTanh[ }(a+2b+aCosh[2(c+dxH)2

4b +b) Sech[2 2b) Sinh[2 -aSinh[2d
(Cosh[2c] -Sinh[2c]) /(\/a+b \/b(Cosh[c]fsinh[c])“)Jr (a+b) Sech[2c] ((a+2b) Sinh[2c] ~asinh[2dx]) _

a2

(a+2b+aCosh[2 (c+dx)|) Sech[2c] ((5a2+16ab+8b?) Sinh[2c] -a (5a+2b) Sinh[2dx])

; /(64(a+b)2d(a+bSech[c+dx]2)3)
a

Problem 98: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Sech[c+dx]*
J dx
(

a+bSech[c+dx]2)3

Optimal (type 3, 125leaves, 4 steps):
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/b Tanh[c+dx]
(a+4b) ArcTanh | . Tan;lbc D] aTanh[c+dXx] (a+4b) Tanh[c +dx]
- +

8b*2 (a+b)*>'*d 4b(a+b)d(a+b-bTanh[c+dx]2)? 8b(a+b)*d (a+b-bTanh[c+dx]?)

Result (type 3, 507 leaves):

[(a+4b) (a+2b+aCosh[2c+2dx])BSech[c+dx]6

i ArcTan|[Sech[d x]

i Cosh[2c] i Sinh[2c] J
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c]-bSinh[4cC]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c]

/(64b\/a+b d+/bCosh[4c] —bSinh[4c] )] +

) i Cosh[2c] i Sinh[2c]
i ArcTan [Sech [dx] |- +

2+/a+b +/bCosh[4c] -bSinh[4C] 2+/a+b /bCosh[4c] -bSinh[4c]

/(64b\/a+b d+/bCosh[4c] -bSinh[4c] )]J/

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

((a+b)2 (a+bSech[c+dx}2)3) X (a+2b+aCosh[2c+2dx]) Sech[2c] Sech[c+dx]® (-aSinh[2c] -2bSinh[2c] +aSinh[2dx]) X

16a (a+b)d (a+bSech[c+dx]2)3

((a+2b+aC05h[2c+2dx])ZSech[Zc] Sech[c+dx]®

(asinh[2c] +4bSinh[2c] -aSinh[2dx] +2bSinh[2dx}))/(64b (a+b)2d <a+bSech[c+dx]2)3)

Problem 101: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Sech[c+dx]7
J dx
(

a+bSech[c+dx]?)’

Optimal (type 3, 153 leaves, 6 steps):

2 2 +/a Sinh[c+dx]
ArcTan[Sinh[c +dx] ] Va (8a2+20ab+15b?) ArcTan | - ]

b3d 8 b3 (a+b>5/2d

aSinh[c+dx] a(4a+7b) sinh[c+dx]

4b (a+b)d (a+b+aSinh[c+dx}2)2 78b2 (a+b)2d (a+b+asinh[c+dx]?)

Result (type 3, 1120leaves):
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ArcTan|Tanh| +dTXH (a+2b+aCosh[2c+2dx])>Sech[c+dx]®

<
2

+|(8a*+20a’b+15ab?) (a+2b+aCosh[2c+2dx])’
4b3d (a+bSech[c+dx]2)3

ArcTan [CSCh [c+ d x] +/a+b Cosh[c] 1/ Cosh[2c]-Sinh[2C] . +/a+b Sinh[c] /Cosh[2c]-Sinh[2c] ] COSh[C}
Va Va

Sech[c+dx]® -
128+/a b3/a+b d~+/Cosh[2c] -Sinh[2 ]

ArcTan[Csch(c +d x]
a Va

A/a+b Cosh[c] x/f/oih[ZC]—Sinh[ZCJ . +/a+b Sinh[c] 1/ Cosh[2c]-Sinh[2c] J} Sinh[c}

/

128+/a b3/a+b d+/Cosh[2¢c] -Sinh[2c]

((a+b)2 (a+bSech[c+dx12)3) +|(8a*+20ab+15b?) (a+2b+aCosh[2c+2dx])3Sech[c+dx]6

v a+b Cosh[c] 4/ Cosh[2c]-Sinh[2 ] . v a+b Sinh[c] 4/ Cosh[2c]-Sinh[2C]

Va ArcTan|[Csch[c +dx] ~ ﬁ

| Coshic]

128 b3+/a+b d+/Cosh[2c] - Sinh[2C]

Va ArcTan|Csch(c +dx]

v a+b Cosh[c] +/Cosh[2c]-Sinh[2(] A/a+b Sinh[c] +/Cosh[2c]-Sinh[2c] s
+ | sinh[c]
Va \a

128 b3+/a+b d~/Cosh[2c] -Sinh[2 (] /

((aer)2 (a+bSech[c+dx}2)3) +|(8a*+20a’b+15ab?) (a+2b+aCosh[2c+2dx})E’Sec:h[Cerx}6

i Cosh[c] Log[a+2b+aCosh[2c+2dx]] ilogla+2b+aCosh[2c+2dx]] Sinh[c] ]]/
+
256+/a b3/a+b d+/Cosh[2c] -Sinh[2c] 256+/a b3+/a+b d~+/Cosh[2c] -Sinh[2C]

((a+b)2 (a+bSech[c+dx}2>3) +|(8a*+20ab+15b?) (a+2b+aCosh[2c+2dx])35ech[c+dx]6

[J'l\/?COSh[C] Logla+2b+aCosh[2c+2dx]] i+/a Log[a+2b+aCosh[2c+2dx]]Sinh[c]
256b3+/a+b d+/Cosh[2c] -Sinh[2C] 256b3+/a+b d~/Cosh[2c] -Sinh[2C]

- ]]/((a+b)2(a+bSech[c+dx]2)3)+
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(a+2b+aCosh[2c+2dx])2Sech[c+dx]6 (-4a?sinh[c+dx] -7absSinh[c+dx])

32 b2 (a+b)2d (a+bSech[c+dx]2)3
a(a+2b+aCosh[2c+2dx]) Sech[c+dx]®Tanh[c +dXx]

8b(a+b)d(a+bSech[c+dx]?)?

Problem 112: Result more than twice size of optimal antiderivative.

J(a+b$ech[c+dx}2)2Tanh[c+dx]4dlx

Optimal (type 3, 77 leaves, 4 steps):

5 a?Tanh[c+dx] a?Tanh[c+dx]3 b(Za+b)Tanh[c+dx}5 b2 Tanh[c +d x]”
aZx- - + -

d 3d 5d 7d

Result (type 3, 395leaves):

—————Sech[c] Sech[c +dx]’
13440d

(3675 a*d x Cosh[d x] +3675a*dx Cosh[2c+dx] +2205a°dxCosh[2c+3dx] +2205a”dxCosh[4c+3dx] +735a’dxCosh[4c+5dx] +
735a2dxCosh[6c+5dx] +105a%2dxCosh[6c+7dx] +105a®dx Cosh[8c +7dx] -5320a%Sinh[dx] + 1680 abSinh[d x] +
840 b2 Sinh[d x] + 4480 a%> Sinh[2c+dx] -1260abSinh[2c+dx] +420b%2Sinh[2c+dx] -3780a%Sinh[2c+3dx] +
924 absSinh[2c+3dx] -168b%Sinh[2c+3dx] +2100a?Sinh[4c+3dx] -840abSinh[4c+3dx] -
420b2Sinh[4c+3dx] -1540a%2Sinh[4c+5dx] +168abSinh[4c+5dx] + 84b%2Sinh[4c+5dx] +
420 a*Sinh[6c+5dx] -420abSinh[6c+5dx] -280a°Sinh[6c+7dx] +84abSinh[6c+7dx] +12b*Sinh[6c+7dx])

Problem 114: Result more than twice size of optimal antiderivative.
J(a+b$ech[c+dx}2)2Tanh[c+dx]2dlx
Optimal (type 3, 59leaves, 4 steps):

a’Tanh[c+dx] b (2a+b)Tanh[c+dx]®> b2Tanh[c+dx]®
N -
d 3d 5d

a’x-

Result (type 3, 281 leaves):
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Sech[c] Sech[c+dx]°
480 d

(150 > d x Cosh[d x] + 150 a® d x Cosh[2c+d x] +75a*dxCosh[2c+3dx] +75a*dx Cosh[4c+3dx] +15a*dxCosh[4c+5dx] +
15a2dx Cosh[6c+5dx] - 180 a%2Sinh[dx] + 80 abSinh[dx] - 20b?Sinh[dx] +120a?Sinh[2c+dx] -120abSinh[2c+dx] -
60b2Sinh[2c+dx] -120a?Sinh[2c+3dx] +40abSinh[2c+3dx] +20b?Sinh[2c+3dx] +
30a*Sinh[4c+3dx] -68abSinh[4c+3dx] -30a’Sinh[4c+5dx] +20abSinh[4c+5dx] +4b’>Sinh[4c+5dXx])

Problem 116: Result more than twice size of optimal antiderivative.
J(a+b5ech[c+dx]2)2dlx
Optimal (type 3, 40leaves, 4 steps):

b(2a+b)Tanh[c+dx] b2 Tanh[c +dx]3
d 3d

a’x+

Result (type 3, 106 leaves):

(4(b+aCosh[c+dx}2)25ech[c+dx]3
(3a®dxCosh[c+dx]?+b®Sech[c] Sinh[dx] +2b (3a+b) Cosh[c+dx]?Sech[c] Sinh[dx] +b?Cosh[c+dx] Tanh[c]))/(3
d (a+2b+aCosh[2(c+dxH)2)

Problem 118: Result more than twice size of optimal antiderivative.

2

JCoth[c+dx]2 (a+bsSech[c+dx]?)dx

Optimal (type 3, 36 leaves, 4 steps):
(a+b)?Coth[c+dx] b2Tanh[c+dx]
d d

a’x-

Result (type 3, 82leaves):
(4 (b+aCosh[c+dx12)25ech[c+dx] (azdxCosh[c+dx1 + (<a+b>2Coth[c+dx1 Cschlc] -b%Sech[c] Sinh[dx]))/
(d (a+2b+aCosh[2(c+dx)])2)

Problem 120: Result more than twice size of optimal antiderivative.

JCo‘ch[Cerx]4 (a+bSech[c+dx]2)2d1X
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Optimal (type 3, 46 leaves, 4 steps):
(a2 - b?) Coth[c +dx] (a+b)2Coth[c+dx]3
d 3d

a’x-

Result (type 3, 160 leaves):
1 3
——Csch[c] Csch[c +dx]
24d
(9a®dxCosh[dx] -9a®dxCosh[2c+dx] -3a*dxCosh[2c+3dx] +3a’dxCosh[4c+3dx]-12a*Sinh[dx] +12b*Sinh[dx] -
12a*sinh[2c+dx] -12abSinh[2c+dx] +8a*Sinh[2c+3dx] +4absSinh[2c+3dx] -4b’>Sinh[2c+3dX])

Problem 122: Result more than twice size of optimal antiderivative.
JCo‘ch[Cerx]6 (a+bSech[c+dx]2)2d1x
Optimal (type 3, 64 leaves, 4 steps):

, a*Coth[c+dx] (a?-b?)Coth[c+dx]® (a+b)?Cothlc+dx]®
a” X - - _
d 3d 5d

Result (type 3, 256 leaves):

Csch[c] Csch[c+dx]°
480 d

(-150a*dx Cosh[d x] + 150 a*d x Cosh[2c +dx] + 75a*dxCosh[2c +3dx] -75a*dxCosh[4c+3dx] -15a*’dxCosh[4c+5dx] +15a*dx
Cosh[6c+5dx] +280a%Sinh[dx] +120abSinh[dx] +20b%2Sinh[dx] + 180 a2Sinh[2c +dx] -6@b2Sinh[2c+dx] -140a?Sinh[2c+3dx] +
20b*>Ssinh[2c+3dx] -980a*Sinh[4c+3dx] -60abSinh[4c+3dx] +46a*Sinh[4c+5dx] +12abSinh[4c+5dx] -4b*Sinh[4c+5dx])

Problem 124: Result more than twice size of optimal antiderivative.

J(a+b$ech[c+dx}2)3Tanh[c+de4d1x

Optimal (type 3, 110leaves, 4 steps):

5 a®Tanh[c+dx] a*Tanh[c+dx]3 b (3a?+3ab+b?) Tanh[c+dx]® b?(3a+2b)Tanh[c+dx]’ b3Tanh[c+dx]®
a X — - + -

+
d 3d 5d 7d 9d

Result (type 3, 683 leaves):



84 | 6.5 Hyperbolic secant.nb

8 a3 x Cosh[c +dx]® (a+bSech[c+dx12)3 8 Sech[c] (a+bSech[c+dx12)3 (27ab?sinh[c] - 10 b*>Sinh[c])
+ +
<a+2b+aCosh[2c+2dx])3 63 d (a+2b+aCosh[2c+2dx])3

8 Cosh[c+dx]2Sech[c] (a+bSech[c+dx]2)3 (63a2bsinh[c] -72ab?Sinh[c] +b*Sinh[c])

+

105d (a+2b+aCosh[2c+2dx])3

(8Cosh[c+dx}4Sech[c] (a|+bSech[c+dx]2)3 (185a’ sinh[c] - 378a*bSinh[c] + 27 ab*Sinh[c] + 4 b’ Sinh[c]))/

5, 8b*Sech[c] Sech[c+dx]3 (a+bSech[c+dx]2)3Sinh[d x]
(315d (a+2b+aCosh[2c+2dx]) )+

+

9d (a+2b+aCosh[2c+2dx])’
8Sech[c] Sech[c+dx] (a+bSech[c+dx]?)* (27ab?Sinh[dx] -10b*Sinh[dx])

63d (a+2b+aCosh[2c+2dx])?
(8Cosh[c+dx}5Sech[c} (a+bSech[c+dx]2)3 (420 a* sinh[dx] - 189 a® b Sinh[d x] - 54 ab*Sinh[d x] - 8 b?> Sinh[d x]))/

8 Cosh[c +dx] Sech[c] (a+bSech[c+dx]2)3 (63a2bsSinh[dx] -72ab?Sinh[dx] +b?Sinh[dx])

+

(315d(a+2b+aCosh[2c+2dX])3)+ 1050 (2220 2 Comm 2c20x))°
+ + +

(8Cosh[c+dx}35ech[c} (a+bSechc+dx]?)® (105a>Sinh[dx] - 378 a2bSinh[d x] + 27 ab? Sinh[dx] + 4 b3 Sinh[dx]))/

8b3Sech[c+dx]? (a+bSech[c+dx12)3Tanh[c]

(315d (a+2b+aCosh[2c+2dx])3) N
9d (a+2b+aCosh[2c+2dx])3

Problem 126: Result more than twice size of optimal antiderivative.
J(a+b5ech[c+dx}2)3Tanh[c+dx}2d1x
Optimal (type 3, 92 leaves, 4 steps):

a®Tanh[c+dx] b (3a*+3ab+b?) Tanh[c+dx]® b?(3a+2b)Tanh[c+dx]> b3Tanh[c+dx]’
+ - +
d 3d 5d 7d

a’x-

Result (type 3, 479 leaves):

——Sech[c] Sech[c+dx]’
13440d

(3675 dx Cosh[dx] +3675a> dxCosh[2c+dx] +2205a>dxCosh[2c+3dx] +2205a>dxCosh[4c+3dx] +735a’>dxCosh[4c+5dx] +
735a3dxCosh[6c+5dx] +105a>dxCosh[6c+7dx] +105a>dxCosh[8c+7dx] -4200a%Sinh[dx] +3360a%bSinh[dx] +
840 a b%2 Sinh[d x] - 560 b3 Sinh[d x] + 3150 a®> Sinh[2c+dx] -3990 a?b Sinh[2c +d x] - 2100 ab?Sinh[2c +dx] -
1120 b3 Sinh[2c+dx] - 3150 a3 Sinh[2c+3dx] +1890a’bSinh[2c+3dx] +504ab?Sinh[2c+3dx] +
336 b3Sinh[2c+3dx] +1260a°>Sinh[4c+3dx] -2520a’bSinh[4c+3dx] -1260ab%Sinh[4c+3dx] -
1260 a3 Sinh[4c+5dx] +840a’bSinh[4c+5dx] +588ab?Sinh[4c+5dx] +112b3Sinh[4c+5dx] +210a3Sinh[6c+5dXx] -
630a’bSinh[6c+5dx] -210a*>Sinh[6c+7dx] +210a’bSinh[6c+7dx] +84ab>Sinh[6c+7dx] +16b>Sinh[6c+7dx])
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Problem 128: Result more than twice size of optimal antiderivative.

J(a+b5ech[c+dx]2)3dlx

Optimal (type 3, 73 leaves, 4 steps):
b(3a?+3ab+b?) Tanh[c+dx] b?(3a+2b) Tanh[c+dx]> b3Tanh[c+dx]®

X + - +

d 3d 5d

a3

Result (type 3, 268 leaves):

Sech[c] Sech[c+dx]°
480 d

(15 a> d x Cosh[d x] + 150 a®> d x Cosh[2c+dx] + 752> dxCosh[2c+3dx] +75a’dxCosh[4c+3dx] +15a’>dxCosh[4c+5dx] +

15a3dx Cosh[6c+5dx] + 540 a2b Sinh[d x] + 420 ab?Sinh[d x] + 160 b® Sinh[d x] - 360 a’bSinh[2c +dx] - 180ab?Sinh[2c +dx] +
360a%bSinh[2c+3dx] +300ab?Sinh[2c+3dx] +80b3Sinh[2c+3dx] -90a’bSinh[4c+3dx] +
90a’bsinh[4c+5dx] +6@ab>Sinh[4c+5dx] +16b>Sinh[4c+5dx])

Problem 130: Result more than twice size of optimal antiderivative.
JCoth[Cerx]2 (a+bSech[c+dx]2)3d1x
Optimal (type 3, 61leaves, 4 steps):

; (a+b)’Coth{c+dx] b2 (3a+2b)Tanh[c+dx] b*Tanh[c+dx]3
a’x - - .
d d 3d

Result (type 3, 126 leaves):
(8 (aCosh[c+dx] +bSech[c+dx])3

(3a3dxCosh[c+dx]3—b3Sech[c]Sinh[dx]+Cosh [c+dx]? (3( +b) Coth[c+dx] Cschlc] -b? (9a+5b) Sech[c])sinh[dx]—
3

|

Problem 131: Result more than twice size of optimal antiderivative.

b® Cosh[c + d x] Tanh[c]))/(Bd (a+2b+aCosh[2 (c+dx)])

JCoth[Cerx]?’ (a+bSech[c+dx]2)3d1X

Optimal (type 3, 81 leaves, 4 steps):

(a+b)3Csch[c+dx]2 b2 (3a+2b) Log[Cosh[c+dx]] (a-2b) <a+b>2Log[Sinh[c+dx]] b3 Sech[c +d x]2
_ + N _

2d d d 2d
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Result (type 3, 174 leaves):

1 2
- —~Csch|2 d
] sch| (c+ XH

(2a3+6a2b+6ab2+2 (a>+3a’b+3ab*+2b’) Cosh |2 (c+dx” +3ab?Log[Cosh[c+dx]] +2b3Log[Cosh[c+dx]] +a®Log[Sinh[c+dx]] -3
ab”Log[Sinh[c+dx]] -2b?Log[Sinh[c+dx]] -Cosh[4 (c+dx) | (b2 (3a+2b) Log[Cosh[c+dx]] + (a-2b) (a+b)2Log[Sinh[c+dx]}>>

Problem 132: Result more than twice size of optimal antiderivative.

JCoth[c+dx]4 (a+bSech[c+dx]2)3d1x

Optimal (type 3, 60leaves, 4 steps):

s (a—Zb) (a+b)2Coth[c+dx] (a+b>3Co‘ch[c+dx]3 b3 Tanh[c +d x]
adx- - +

d 3d d

Result (type 3, 343 leaves):
1

96 d
Csch[c] Cschc+dx]?Sech[c] Sech[c+dx] (6a®dxCosh[2dx] -3a’dxCosh[2 (c+2dx)]-6a’dxCosh[4c+2dx]+3a’dxCosh[6c+4dx] -
18a’bSinh[2c] -36ab?Sinh[2c] -4a®Sinh[2dx] +6a?bSinh[2dx] +24ab?Sinh[2dx] +32b3Sinh[2d x] -
16a’Sinh[2 (c+dx) ] -12a’bSinh[2 (c+dx) ] +24ab’Sinh[2 (c+dx)]| +8b’Sinh[2 (c+dx) ]| +8a’Sinh[4 (c+dX) ]| +
6a’bSinh[4 (c+dx)|-12ab?Sinh[4 (c+dx) ]| -4b>Sinh[4 (c+dx) ]| +8a®Sinh[2 (c+2dx)]+6a’bSinh[2 (c+2dx)] -
12ab?Sinh[2 (c+2dx) | -16b>Sinh[2 (c+2dx)| -12a*Sinh[4c+2dx] -18a?bSinh[4c+2dx])

Problem 134: Result more than twice size of optimal antiderivative.
JCoth[Cerx]6 (a+bSech[c+dx]2)3d1x

Optimal (type 3, 69 leaves, 4 steps):

; (a®+b3) Coth[c+dx] (a-2b) (a+b)*Coth[c+dx]®> (a+b)’Coth[c+dx]®
X - - _

d 3d 5d

a

Result (type 3, 303 leaves):
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1
——— Csch[c] Csch[c+dx]>
480 d

(-150a*dx Cosh[dx] +15@a>d x Cosh[2c+dx] +75a’dxCosh[2c+3dx] -75a*dxCosh[4c+3dx] -15a’dxCosh[4c+5dx] +
15a3dx Cosh[6c+5dx] +280a%Sinh[dx] +180a%bSinh[dx] + 60 ab?Sinh[dx] + 160 b3>Sinh[dx] +180 a3 Sinh[2c +dx] -
180 ab?Sinh[2c+dx] -140 a3 Sinh[2c+3dx] +60ab?Sinh[2c+3dx] -80b3Sinh[2c+3dx] -90a®Sinh[4c+3dx] -
90a’bsinh[4c+3dx] +46a*>Sinh[4c+5dx] +18a’bSinh[4c+5dx] -12ab’Sinh[4c+5dx] +16b>Sinh[4c+5dx])

Problem 136: Result more than twice size of optimal antiderivative.
J(a+b5ech[c+dx]2)4dlx

Optimal (type 3, 111 leaves, 4 steps):

. b(2a+b) (2a?+2ab+b?) Tanh[c+dx] b?(6a?+8ab+3b?) Tanh[c+dx]? b*(4a+3b)Tanh[c+dx]® b*Tanh[c+dx]’
a’ X+ - + -

d 3d 5d 7d

Result (type 3, 455leaves):

——Sech[c] Sech[c+dx]’
13440d

(3675 a* dx Cosh[d x] +3675a* dx Cosh[2c+dx] +2205a*dxCosh[2c+3dx] +2205a*dxCosh[4c+3dx] +735a*dxCosh[4c+5dx] +
735a*d xCosh[6c+5dx] +105a*dxCosh[6c+7dx] +105a*dxCosh[8c+7dx] +16800a>bSinh[dx] + 18480 a2 b?Sinh[d x] +
11200 ab?Sinh[d x] + 3360 b* Sinh[d x] - 12600 a> b Sinh[2c +dx] - 10920 a2 b?Sinh[2c+dx] - 4480 ab’>Sinh[2c+dXx] +
12600 a>bSinh[2c+3dx] +15120a%b?Sinh[2c+3dx] +9408 ab3>Sinh[2c+3dx] + 2016 b*Sinh[2c+3dx] -5040a*>bSinh[4c+3dx] -
2520 a’b2Sinh[4c+3dx] +5040a>bSinh[4c+5dx] +5880a2b?Sinh[4c+5dx] +3136ab’>Sinh[4c+5dx] +672b*Sinh[4c+5dx] -
840a’bSinh[6c+5dx] +840a*bSinh[6c+7dx] +840a°b*Sinh[6c+7dx] +448ab’Sinh[6c+7dx] +96b*Sinh[6c+7dx])

Problem 137: Result more than twice size of optimal antiderivative.

J(a+b5ech[c+dx]2)5dlx

Optimal (type 3, 163 leaves, 4 steps):

. b(5a*+10a’b+10a?b?+5ab®+b*) Tanh[c+dx] b?(10a*+20a’b+15ab?+4b?) Tanh[c+dx]>
a’ X + - +

d 3d
b3 (1@a2+15ab+6b2)Tanh[c+dx15 b4<5a+4b)Tanh[c+dx]7 b> Tanh[c +d x]°
n

5d 7d 9d

Result (type 3, 724 leaves):
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5

32a°xCosh[c+dx] (a+bSech[c+dx]?) 32 Cosh[c+dx]%Sech[c] (a+bSech[c+dx]2)5 (45ab*sinh[c] +8b°Sinh[c])

+ +
(a+2b+aCosh[2c+2dx])5 63 d (a+2b+aCosh[2c+2dx]>5

64 Cosh[c +d x]® Sech[c] (a+bSech[c+dx]2>5 (165a%b*sinh[c] +45ab*Sinh[c] +8b> Sinh[c])

+

105d (a+2b+aCosh[2c+2dx])°
(64Cosh[c+dx]85ech[c] (a+bSech[c+dx]2>5 (525a®b®>Sinh[c] +420a*b>Sinh[c] + 180 ab* Sinh[c] +32b° Sinh[c]))/
32b% Cosh[c +dx] Sech[c] (a+bSech[c+dx]2)SSinh[dx]

(315d(a+2b+aCosh[2c+2dx])5)+ .
9d (a+2b+aCosh[2c+2dx])5

32Cosh[c+dx]3Sech[c] (a+bSech[c+dx]2)° (45ab*Sinh[dx] +8b°Sinh[dx])

+

63d (a+2b+aCosh[2c+2dx])®
(64Cosh[c+dx]55ech[c] (a+bSech[<:+dx]2>5 (165 a®b>sinh[d x] + 45 ab* Sinh[d x] +8bSSinh[dx]))/(105d (a+2b+aCosh[2c+2dx])5) +
(64Cosh[c+dx]7Sech[c] (a+bSech[c+dx]2>5 (525ab>Sinh[d x] + 420 a” b’ Sinh[d x] + 180 ab® Sinh[d x] +32b>Sinh[d x}))/
(315d (a+2b+aCosh[2c+2dx])5) + (32Cosh[c+dx]95ech[c} (a+bSech[c+dx}2)5
(1575 a* b Sinh[d x] + 2100 a> b> Sinh[d x] + 1688 a* b> Sinh[d x] + 720 a b* Sinh[d x] + 128 b® Sinh[d x]))/

32b% Cosh[c+dx]? (a+bSech[c+dx]2)®Tanh[c]

(315d (a+2b+aCosh[2c+2dx])5) ‘
9d (a+2b+aCosh[2c+2dx])°

Problem 138: Result more than twice size of optimal antiderivative.

Tanh[c +dx]°
J dx

a+bSech[c+dx]?
Optimal (type 3, 70leaves, 4 steps):
(a+2b) Log[Cosh[c+dx]] (a+b)®Log[b+aCoshic+dx]2] sech[c+dx]2

+

b2d 2ab%d 2bd

Result (type 3, 180leaves):
1
8ab2d (a+bSechlc+dx]?)
a’logla+2b+aCosh[2 (c+dx)]|-2ablogla+2b+aCosh[2 (c+dx)]]-b’>Log[a+2b+aCosh[2 (c+dx)]]+
Cosh|[2 (c+dx)] (Za (a+2b) Log[Cosh[c+dx]] - (a+b)2Log[a+2b+aCosh[2 (c+dx)]”) Sech[c+dx]*

(a+2b+aCosh[2 (c+dx)]) (2ab+2a (a+2b) Log[Cosh[c+dx]] -
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Problem 139: Result more than twice size of optimal antiderivative.
J Tanh[c+dx]*

a+bSech[c+dx]?

dx

Optimal (type 3, 59leaves, 6 steps):

+/b_Tanh[c+dx].
(a+b)??ArcTanh | ¥® Ta':bc dxl ] Tanh[c + dx]
— +

a ab3/2d bd

Result (type 3, 196 leaves):

(a+2b+acCosh[2 (c+dx)]) Sech[c+dx]?

{(aer)zAr'cTanh[SeCh[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dx])

2+/a+b /b (Cosh(c] -Sinh[c])*

| (-Cosh[2c] +Sinh[2c]) +

/

va+b \/b (Cosh[c] 7Sinh[c])4 (bdx+aSech[c] Sech[c +dx] Sinh[dx})]

(Zab\/a+b d (a+bSech[c+dx]?) \/b (Cosh[c] —Sinh[c])“)

Problem 141: Result more than twice size of optimal antiderivative.

J Tanh[c +dx]?
a+bSech[c+dx]?

dx

Optimal (type 3, 46 leaves, 5steps):
o mArcTanh[w]

\/ a+b

a a+/b d
Result (type 3, 174 leaves):




90 | 6.5 Hyperbolic secant.nb

(a+2b+acCosh[2 (c+dx)]) Sech[c+dx]? [v/a+b dx\/b (Cosh[c] -sinh[c])* +

Sech[d Cosh[2 -Sinh[2 2b) Sinh[d -aSinh[2 d
(a+b) ArcTanh| ech[dx] (Cosh[2¢c] -Sinh[2c]) ((a+2b) Sinh[dx] -asinh[2c~ XH] (Cosh[Zc]+Sinh[2c])]]/
2+a+b /b (Cosh(c] - Sinh[c])*
(Za\/a+b d(a+bSech[c+dx]2>\/b<Cosh[c]—Sinh[c])4)

Problem 143: Result more than twice size of optimal antiderivative.

1
J dx
a+bSech[c+dx]?

Optimal (type 3, 46 leaves, 3 steps):
« \/FAr‘cTanh[w}

a+b

a ava+b d
Result (type 3, 172 leaves):

(a+2b+acCosh[2 (c+dx)])Sech[c+dx]? [v/a+b dx\/b (Cosh[c] -sinh[c])* +

Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dx])
bAr‘cTanh[
2+/a+b /b (Coshic] -Sinh[c])*
(Za\/a+b d (a+bSech[c+dx]?) \/b (Cosh[c] -sinh[c])* )

| (-Cosh[2c] +Sinh[2c])

/

Problem 145: Result more than twice size of optimal antiderivative.

J Coth[c+dx]?
a+bSech[c+dx]?

dx

Optimal (type 3, 62 leaves, 6 steps):

+/b_Tanh[c+dx]
b3/2 ArcTanh { a;bc 8 ] Coth[c +dx]

a a(a+b)??d (a+b)d

Result (type 3, 193 leaves):
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[(a+2b+aCosh[2 (c+dx)]) sechic+dx]?

bZAr'cTanh[SECh[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dx])

2va+b x/b (Cosh[c] -sinh[c])*

| (-Cosh[2c] +Sinh[2c]) +

/

Va+b \/b (Cosh[c] —Sinh[c])4 ((a+b) dx+aCsch[c] Csch[c+dx] Sinh[dx])

(Za (a+b)*?d (a+bSech[c+dx]?) \/b (Cosh[c] —Sinh[c])4)

Problem 147: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Coth[c+dx]*
a+bSech[c+dx]?

dx

Optimal (type 3, 87 leaves, 7 steps):

5/2 /b Tanh[c+dx
X b®/2 ArcTanh | — ] (a+2b) Coth{c+dx] Coth[c+dx]?

a a(a+b)5/2d (a+b>2d 3(a+b)d

Result (type 3, 581 leaves):
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x (a+2b+aCosh[2c+2dx]) Sech[c+dx]?

2a (a+bSech[c+dx]?)

(a+2b+aCosh[2c+2dx]) Coth[c] Csch[c+dx]?Sech[c+dx]?
+|(a+2b+aCosh[2c+2dx]) Sech[c+dx]?
6 (a+b)d(a+bSech[c+dx]?)

+

[(i b® ArcTan [Sech[d x]
2+va+b \/bCosh[4c] -bSinh[4c] 2+/a+b VbCosh[4c]-bSinh[4c]

i Cosh[2c] iSinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c]

/(Za\/a+b d~/bCosh[4c] -bSinh[4c] )7

+

[j b® ArcTan [Sech[d x]
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c] -bSinh[4cC]

i Cosh[2c] i Sinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

/(Za\/a+b d+/bCosh[4c] -bSinh[4c] )]]/

a+2b+aCosh[2c+2dx]) Csch[c] Csch[c+dx]3Sech[c+dx]?Sinh[dXx
((a+b)2(a+bSech[c+dx]2))+( [ ) e : ] [ ] [dx]
6 (a+b)d(a+bSech[c+dx]?)
(a+2b+aCosh[2c+2dx]) Csch[c] Csch[c+dx] Sech[c+dx]? (4aSinh[dx] +7bSinh[dx])

+

6 (a+b)?d (a+bSech[c+dx]2)

Problem 149: Result more than twice size of optimal antiderivative.
J Tanh[c +dx]*
(

a+bSech[c+dx]2)2

dx

Optimal (type 3, 91 leaves, 6 steps):

« (a—zb) Va+b Ar‘cTanh[Mﬂ%} (a+b) Tanh[c +d x]
- +

a? 2a2b3/2d 2abd (a+b-bTanh[c+dx]?)

Result (type 3, 228 leaves):
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[(a+2b+aCosh[2 (c+dx)]) sechic+dx]*

Sech[d Cosh[2 -Sinh[2 2b) Sinh[d -aSinh[2 d
[2x<a+2b+aCosh[2(c+dx)])+[<a2ab2b2) ArcTanh | echidx] (Cosh[2c] -sinh[2¢)) ((a+2b) sinhdx] -asinh[2c+dx])

]
2+/a+b /b (Coshic] -Sinh[c])*

(a+2b+aCosh[2 (c+dx)|) (Cosh[2c] Sinh[2c])]/ (b\/a+b d\/b (Cosh[c] —Sinh[c])4 ) +

(a+b) Sech[2c] ((a+2b) Sinh[2c] -aSinh[2dx])
bd

/(Sa2 (a+bSech[c+dx]2)2)

Problem 151: Result more than twice size of optimal antiderivative.

J Tanh[c +dx]?
(a+bSech[c+dx]2)2

dx

Optimal (type 3, 85leaves, 6 steps):

/b Tanhc-dx]
x (a+2b) ArcTanh[ 2 Ta':bc dxl] Tanh[c +d x]

2 2a2+/b Vasib d 7Zad(a+b—bTanh[c+dx]2)

2

Result (type 3, 372leaves):
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(a+2b+aCosh[2c+2dx})2Sech[c+dx]4

Sech[d Cosh|[2 -Sinh[2 2b) Sinh[d -aSinh[2 d
16 X + <a3f6azb724ab2—16b3)Ar‘cTanh[ ech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dX])

2+/a+b /b (Coshic] -Sinh[c])*

]

(Cosh[2c] Sinh[2c])]/ (b (a+b)3/2d\/b (Cosh[c] —Sinh[c])4 ) +

(a2+8ab+8b?) Sech[2c] ((a+2b) Sinh[2c] -aSinh[2dxX])
b(a+b)d <a+2b+aCosh[2 (c+dx)])

/(64a2 (a+bSech[c+dx}2)2) +

(a+2b) ArcTanh[m] )
(a+2b+aCosh[2c+2dx])*Sech[c+dx]* |- 2=t + a5inh[2 (C+dx) |
8 b3/2 (a+b)3/2d 8b (a+b) d (a+2b+aCosh[2 (c+dx)])

8 (a+bSech[c+dx}2>2

Problem 153: Result more than twice size of optimal antiderivative.
J 1
(a+bSech[c+dx]2)?

dx

Optimal (type 3, 93 leaves, 5steps):

/b Tanh[c+d x
Vb (3a+2b) Ar‘cTanh[ = ] bTanh[c + d x]

a

2

zaz(a+b)3/2d 2a(a+b)d(a+b-bTanh[c+dx]?)

Result (type 3, 221 leaves):
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[(a+2b+aCosh[2 (c+dx)]) sechic+dx]*

}

Sech[d Cosh[2 -Sinh[2 2b) Sinh[d -aSinh[2 d
[2x<a+2b+aCosh[2(c+dx)])[ (3a+2b)Ar‘cTanh[ echl x}(os [2¢] - Sanh c])((a+ ) inh[dx] -asSinh(2c+ X”
2+/a+b /b (Coshic] -Sinh[c])*

(a+2b+aCosh[2 (c+dx)|) (Cosh[2c] Sinh[2c])]/ ((a+b)3/2d\/b (Cosh[c] —Sinh[c})4 ) +

/(Sa2 (a+bSech[c+dx]2)2)

bSech[2c] ((a+2b) Sinh[2c] -aSinh[2dx])
(a+b) d

Problem 155: Result more than twice size of optimal antiderivative.

J Coth[c +dx]?
(a+bSech[c+dx]2)2

dx

Optimal (type 3, 121 leaves, 7 steps):

+/b_Tanh[c+dx]
N b*2 (5a+2b) ArcTann| </oT2miedxl ] (2a-b) Coth[c+dx] b Coth[c +d x]

a2 2a2(a+b)5/2d 2a(a+b)2d 723(a+b>d<a+b—bTanh[c+dx}2)

2

Result (type 3, 268 leaves):
1

(a+2b+aCosh[2 (c+dx)]) Sech[c+dx]*
2\ 2
8 (a+bSech[c+dx]?)

2x (a+2b+aCosh[2 (c+dx)])

b? (5a-2b) Ar‘cTanh[SECh[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] -aSinh[2c+dx])

2+/a+b \/b (Cosh[c] —Sinh[c])4

2

a

(a+2b+aCosh[2 (c+dx”) (Cosh[2c] Sinh[2c])]/ (az (a+b)5/2d\/b (Cosh[c] —Sinh[c])4 ) +

2 (a+2b+aCosh[2 (c+dx)|) Csch[c] Csch[c+dx] Sinh[dx]
(a+b)?d

+

b?Sech[2c] ((a+2b) Sinh[2c] -aSinh[2dX])

a? (a+b)2d
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Problem 157: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J Coth[c+dx]*
(a+bSech[c+dx]2)2

dx

Optimal (type 3, 161 leaves, 8 steps):

5/2 A/b Tanh[c+dx]
b2 (7a+2b) ArcTanh | — ] (2a2+6ab-b?) Coth[c+dx] (2a-3b) Coth[c+dx]? b Coth[c +dx]3

a2 2a% (a+b)”/?d 2a(a+b)’d 6a(a+b)’d 2a(a+b)d(a+b-bTanh[c+dx]?)

Result (type 3, 685 leaves):
x (a+2b+aCosh[2c+2dx])?Sech[c+dx]*

4 32 (a+bSech[c+dx]2)2

(a+2b+aCosh[2c+2dx])2Coth[c] Csch[c+dx]2Sech[c+dx]*

+

(7a+2b) (a+2b+aCosh[2c+2dx])?

12 (a+b)2d (a+bSech[c+dx12)2

Sech[c+dx]* ( [J’L b* ArcTan[Sech[d x]

i Cosh[2c] iSinh[2c] ]
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c] /(SaZ\/aer d+/bCosh[4c] -bSinh[4c] )7

[Ji b* ArcTan [Sech[d x]

i Cosh[2c] i Sinh[2c] ]
- +
2+va+b v/bCosh[4c] -bSinh[4c] 2+a+b v/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] Sinh[2c]

/(8a2\/a+b d+/bCosh[4c] -bSinh[4c] ))]/

(a+2b+aCosh[2c+2dx}>2Csch[c] Csch[c+dx]3Sech[c+dx]*Sinh[dXx]

+

((a+b)3 (a+bSech[c+dx]2)2) +
12 (a+b)2d <a+bSech[c+dx]2)2

(a+2b+aCosh[2c+2dx])ZCsch[c] Csch[c+dx] Sech[c+dx]* (2aSinh[dx] +5bSinh[dx])

+

6 (a+b)>d (a+bSech[c+dx]2)?
(a+2b+aCosh[2c+2dx]) Sech[2c] Sech[c+dx]* (ab®Sinh[2c] +2b*Sinh[2c] -ab’Sinh[2dX])

8a’ (a+b)’d (a+bSech[c+dx]?)?

Problem 158: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J Tanh[c +dx]®
(a+bSech[c+dx]2)3

dx
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Optimal (type 3, 148 leaves, 7 steps):

Ja-b +/b Tanh[c+dx]
a+b (3a’-4ab+8b’) ArcTanh| bTar:lbc o (a+b) Tanh[c+dx]? (3a-4b) (a+b) Tanh[c+dx]

- +
4abd(a+b-bTanh[c+dx]?)® 8a’b>d(a+b-bTanh[c+dx]?)

X

a3 8a3b%2d

Result (type 3, 754 leaves):
1

(3a®>-a’b+4ab’+8b°) (a+2b+aCosh[2c+2dx])>Sech[c+dx]®
(a+bSech[c+dx]2)3

1 ArcTan [Sech [dx]

+

2+va+b \/bCosh[4c] -bSinh[4c] 2+/a+b +/bCosh[4c] -bSinh[4c]

i Cosh[2c] i Sinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] Cosh[2c]]/ (64a3b2\/a+b d+bCosh[4c] -bSinh[4c] )_

i ArcTan[Sech[d x]

+

2+/a+b \/bCosh[4c] -bSinh[4c] 2+a+b /bCosh[4c] -bSinh[4c]

i Cosh[2c] iSinh[2c] ]

(-asinh[dx] -2bsSinh[dx] +aSinh[2c+dx]) ]| Sinh[2c]]/ (64a3b2\/a+b d+bCosh[4c] -bSinh[4c] )] +

1

; (a+2b+aCosh[2c+2dx]) Sech[2c] Sech[c+dx]°
128 a°b?d (a+bSech[c+dx]?)

(24a*>b>dxCosh[2c] +64ab>dxCosh[2c] +64b*dxCosh[2c] +16a”b>dxCosh[2dx] +32ab>dxCosh[2dx] +
16 a’b?d x Cosh[4c+2dx] +32ab3>dxCosh[4c+2dx] +4a’b?>dxCosh[2c+4dx] +4a’b?’dxCosh[6c+4dXx] -
9a*Sinh[2c] -15a®bSinh[2c] +18a?b?Sinh[2c] +72ab3Sinh[2c] +48b*Sinh[2c] +9a*Sinh[2d x] +
13a°>bSinh[2dx] -28a?b?Sinh[2dx] -32ab3>Sinh[2dx] -3a%*Sinh[4c+2dx] +a*bSinh[4c+2dx] +
20a*b*Sinh[4c+2dx] +16ab’>Sinh[4c+2dx] +3a*Sinh[2c+4dx] -3a’bSinh[2c+4dx] -6a’b*>Sinh[2c+4dX])

Problem 160: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Tanh[c +dx]*
(a+bSech[c+dx]?)?

dx

Optimal (type 3, 139leaves, 7 steps):

¥/b Tanh[c+dx]
« (a?-4ab-8b2) ArcTanh| bTar:lbc dx ] (a+b) Tanh[c+dx] (a-4b) Tanh[c +dx]
- +

- +
a’ 8a3b32+/a+b d 4abd(a+b-bTanh[c+dx]?)? 8a’bd(a+b-bTanh[c+dx]?)

Result (type 3, 17301leaves):
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(a+2b+aCosh[2c+2dx])3Sech[c+dx]6

/b Tanh[c+dx]
(3a%+8ab+8b%) ArcTanh[ >TSS o /7 (352 16ab16b2 ~ 32 (a+2b) Cosh[2 (c+dx)]] Sinh[2 (c+dx) ] /

(a+b)*? (a+b)2(a+2b+aCosh[2(c+dxH)2

(1024b5/2d (a+bSech[c+dx]2)3) - (a+2b+aCosh[2c+2dx])35ech[c+dx]6

3a (a+2b) ArcTanh | bTar:ledx] Vb (3a%+14a’b+24ab?+16b>+a (3a2+4ab+4b?) Cosh[2 (c+dx)]) Sinh[2 (c+dx)] /
]

- +

(a+b)5/2 (a+b)2(a+2b+aCosh[2 (c+dx) )2

1

(2048 b5/2 d (a+bSech[c+dX]2)3) +
32 (a+bSech[c+dXJ2)3

(a+2b+aCosh[2c+2dx])3Sech[c+dx}6 (3a°-10a*b+80a’b*+480a%b>+ 640 ab* + 256 b°)

(a+b)2
) 1 Cosh[2C] 1Sinh[2 ]
i ArcTan[Sech[dx] |- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+a+b /bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c] /(64a3b2\/a+b d+/bCosh[4c] -bSinh[4c] )—

i ArcTan[Sech[d x]

i Cosh[2c] i Sinh[2c] ]
- +
2+va+b \/bCosh[4c] -bSinh[4c] 2+/a+b +/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

/(64a3b2\/a+b d+/bCosh[4c] -bSinh[4 ] )] +

1

128a3b? (a+b)*d (a+2b+aCosh[2c+2dx])?

6144 ab°dx Cosh[2c] +2048b%d x Cosh[2c] +512a*b?d x Cosh[2dx] + 2048 a®b®d x Cosh[2d x] + 2560 a2 b*d x Cosh[2d x] +
1024 ab®>d x Cosh[2d x] +512a*b?d xCosh[4c+2dx] +2048 a>b>d xCosh[4c+2dx] +2560a2b*dxCosh[4c+2dx] +
[
[

Sech[2c] (768 a*b*dxCosh[2c] +3584a>b>dxCosh[2c] +6912a*b*dxCosh[2c] +

1024 ab°dxCosh[4c+2dx] +128a*b?dxCosh[2c+4dx] +256a>b3>dxCosh[2c+4dx] +128a?b*dxCosh[2c+4dx] +

128 a*b?dx Cosh[6c+4dx] +256a>b>dxCosh[6c+4dx] +128a’b*dxCosh[6c+4dx] -9a®Sinh[2c] +12a°bSinh[2c] +

684 a* b2 Sinh[2c] + 2880 a%b>Sinh[2c] + 5280 a2 b*Sinh[2c] + 4608 ab® Sinh[2c] + 1536 b® Sinh[2c] +9a®Sinh[2d x] -

14 a°bSinh[2dx] - 608 a*b2Sinh[2d x] - 2112 a®>b?>Sinh[2d x] - 2560 a2 b*Sinh[2d x] - 1024 ab® Sinh[2d x] -3 a®Sinh[4c+2dx] +
10a°bSinh[4c+2dx] +304a*b?Sinh[4c+2dx] +1056 a3 b3 Sinh[4c+2dx] +1280a?b*Sinh[4c+2dx] +512ab’°Sinh[4c+2dx] +
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3a°sinh[2c+4dx] -12a°bSinh[2c+4dx] - 204 a*b>Sinh[2c+4dx] -384a’b’>Sinh[2c+4dx] -192a°b?Sinh[2c+4dx]) | -

1
2048 b2 <a+b>2d (a+bSech[c+dx]2)3

(a+2b+aCosh[2c+2dx])*Sech[c+dx]®

6 a2 Ar‘cTanh[Sech[dx} (Cosh[2c]-Sinh[2c]) ((a+2b) Sinh[dx]-aSinh[2c+dx]) ] (COSh [2¢c] - Sinh[2 C])
2+/a+b \/b (Cosh[c]-Sinh[c])*

va+b \/b (Cosh[c] - Sinh[c] )4

(asech[2c] ((-9a*-16a’b+48a’b®>+128ab’ + 64b*) Sinh[2d x] +
a(-3a’+2a’b+24ab>+16b°) Sinh[2 (c+2dx)| + (3a*-642a”b?-128ab’-64b*) Sinh[4c+2dx]) +

(9a°+18a%b-64a’b> - 256> b*> - 320 ab* - 128 b°) Tanh[2c1)/(a2 (a+2b+acCosh|2 (c+dx>})2)

Problem 162: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx
3

j Tanh[c +d x]?
(a+bsech[c+dx]?)

Optimal (type 3, 139leaves, 7 steps):

2 2 /b Tanh[c+dx
(3a?+12ab+8b?) ArcTanh]| — ] Tanh[c + dx] (3a+4b) Tanh[c+dx]

a’ 8a’\/b (a+b)>?d 4ad(a+b-bTanh[c+dx])2)? 8a*(a+b)d(a+b-bTanh[c+dx]?)

Result (type 3, 1730 leaves):

- (a+2b+aCosh[2c+2dx}>3Sech[c+dx]6

(3a2+8ab+8b?) ArcTanh[“ET2MCAE ] pr 52 16 ab 16024 3a (a+2b) Cosh[2 (c+dx)]) Sinh[2 (c+dx]] /

(a+b)*? (a+b)*(a+2b+acCosh[2 (c+dx)])?

1024 b°/2 d (a+b5ech[c+dx]2)3) - (a+2b+aCosh[2c+2dx}>3Sech[c+dx}5
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3a(a+2b) Amanh{w]

a+b
- +

(a+b)®? (a+b)? (a+2b+aCosh[2 (c+dx)])

Vb (3a°+14a?b+24ab2+16b>+a (3a%+4ab+4b?) Cosh[2 (c+dx)]) Sinh[2 (c+dX) ] /
] 2

1

(2048652 d (a+bSech(c+dx]?)?] +
32 (a+bSech[c+dx]2)?

1
(a+2b+aCosh[2c+2dx})E‘Sech[c+dx}6 —2(3a5—10a4b+89a3b2+480a2b3+640ab4+256b5)

(a+b)
) i1 Cosh[2 ] 1 Sinh[2 ]
i ArcTan|[Sech[dx] |- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c] -bSinh[4c]

(—aSinh[dx]—ZbSinh[dx]+aSinh[2c+dx])]Cosh[2c] /(64a3b2\/a+b d+/bCosh[4c] -bSinh[4c] )—

i ArcTan|Sech[d x]

i Cosh[2c] i Sinh[2c] ]
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c]-bSinh[4cC]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

/(64a3b2\/a+b d+/bCosh[4c] —bSinh[4c] )] N

1

Sech[2c] (768 a*b®dxCosh[2c] +3584a°>b’>dxCosh[2c] +6912a*b*dxCosh[2c] +
128a%b? (a+b)*d (a+2b+aCosh[2c+2dx])?

6144 ab®> d x Cosh[2 c] + 2048 b®d x Cosh[2c] + 512 a*b?d x Cosh[2d x] + 2048 a> b3 d x Cosh[2d x] + 2560 a? b* d x Cosh[2d x] +
1024 ab’> dxCosh[2d x] +512a*b?dx Cosh[4c+2dx] +2048a>b3>dx Cosh[4c+2dx] +2560a%b*dxCosh[4c+2dx] +

1024 ab’>dxCosh[4c+2dx] +128a*b?>dxCosh[2c+4dx] +256a°b3>dxCosh[2c+4dx] +128a2b*dxCosh[2c+4dx] +

128 a*b>dx Cosh[6c+4dx] +256a>b3>dxCosh[6c+4dx] +128a2b*dxCosh[6c+4dx] -9a®Sinh[2c] +12a°bSinh[2c] +

684 a* b2 Sinh[2c] + 2880 a®> b> Sinh[2c] + 5280 a? b* Sinh[2c] + 4608 ab®> Sinh[2c] + 1536 b® Sinh[2c] +9a® Sinh[2d Xx] -
14a°bSinh[2d x] - 608 a*b? Sinh[2d x] - 2112 a®> b3 Sinh[2d x] - 2560 a® b* Sinh[2d x] -1024 ab® Sinh[2d x] -3 a®Sinh[4c+2dx] +
10a°bSinh[4c+2dx] +304a*b?Sinh[4c+2dx] +1056 a®>b3Sinh[4c+2dx] +1280a’b*Sinh[4c+2dx] +512ab’°Sinh[4c+2dx] +

3a°Sinh[2c+4dx] -12a°bSinh[2c+4dx] -204a*b*Sinh[2c+4dx] -384a’b’>Sinh[2c+4dx] -192a°b*Sinh[2c+4dx]) | +

1
2048 b2 (a+b>2d (a+bSech[c+dx]2)3
Sech[c+dx]®

6 a2 Ar‘cTanh[Sech[dx} (Cosh[2c]-Sinh[2c]) ((a+2b) Sinh[dx]-aSinh[2 c+dXx]) ] (COSh [2 c] - Sinh[z C])
2+/ab /b (Cosh[c] Sinh[c])*

Va+b /b (Cosh[c] -sinh[c])?

(asech[2c] ((-9a*-16a’b+48a’b®>+128ab’ +64b*) Sinh[2dx] +
a(-3a’+2a’b+24ab>+16b°) Sinh[2 (c+2dx) |+ (3a*-642a%b?-128ab®-64b*) Sinh[4c+2dx]) +

(a+2b+aCosh[2c+2dx])?
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(9a°+18a%b- 642’ b> - 256 a%b> - 320a b - 128b°) Tanh(2¢]) / [a® (a+2b+aCosh[2 (c+dx)])?)

Problem 164: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
J dx
(a+bSech[c+dx]2)3

Optimal (type 3, 146 leaves, 6 steps):
b (15a%+20ab+8b?) Ar‘cTanh[w}

X a:b b Tanh[c +d x] b (7a+4b) Tanh[c+dx]
a’ 8a’ (a+b)>?d 4a(a+b)d(a+b-bTanh[c+dx]2)? 8a2(a+b)?d (a+b-bTanh[c+dx]?)
Result (type 3, 597 leaves):
x(a+2b+aCosh[2c+2dx})3’Sech[c+dx}6 1 3
+ (15a*+20ab+8b*) (a+2b+aCosh[2c+2dx])
8a’ (a+bSech[c+dx]?)’ (a+b)? (a+bSechc+dx]2)?
6 [, i Cosh[2c] i Sinh[2 c]
Sech[c +dx] ibArcTan[Sech[dx] |- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+ a+b /bCosh[4c]-bSinh[4cC]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx})] Cosh[2c]]/ (64a3\/a+b d+/bCosh[4c] -bSinh[4c] )_

+

2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b \/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] Sinh[zc]]/ (64a3\/a+b d+/bCosh[4c] -bSinh[4c] )) +

i bArcTan[Sech[d x]

i Cosh[2c] i Sinh[2c] J

((a+2b+aCosh[2c+2dx])ZSech[ZC] Sech[c+dx]® (9a®bsinh[2c] +28ab®Sinh[2c] +16b>Sinh[2c] -
9a2bsSinh[2dXx] 76abZSinh[2dx}>)/(64a3 (a+b)2d (a+bSech[c+dx]2)3) +

((a+2b+aCosh[2c+2dx]) Sech[2c] Sech[c+dx]® (-ab®Sinh[2c] -2b*>Sinh[2c] +abZSinh[2dx]))/
(16a3 (a+b)d (a+bSech[c+dx}2)3)

Problem 165: Result more than twice size of optimal antiderivative.

J Coth[c +dx]
(a+bSech[c+dx]2)3

dx

Optimal (type 3, 130leaves, 4 steps):
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b3 b2 (3a+2b) b (3a2+3ab+b?) Log[b+aCosh[c+dx]?| Log[Sinh[c+dx]]
+

- + +

4a% (a+b)d(b+aCosh{c+dx]?)® 2a®(a+b)?d (b+aCosh[c+dx]?) 22° (a+b)’d (a+b)’d

Result (type 3, 358 leaves):
1

4 33 (a+b)3d (a+2b+acCosh|2 (c+dx)])2

(12a’b>+40a’b’ +40ab* +12b°>+9a*blog[a+2b+aCosh[2 (c+dx) || +33a*b’Log[a+2b+aCosh[2 (c+dx)]]+
51a’b®Log[a+2b+aCosh[2 (c+dx)]]+32ab*Log[a+2b+aCosh[2 (c+dx)]]+
8b° Log[a+2b+aCosh|2 (c+dx)H +6a° Log[Sinh[c+dx]] +16a*bLog[Sinh[c+dx]] +16a®>b? Log[Sinh[c+dx]] +
a’Cosh[4 (c+dx)] (b (3a?+3ab+b?) Log[a+2b+aCosh[2 (c+dx)]]+2a’Log[Sinh[c+dx]]) +
4acCosh[2 (c+dx)] (b? (3a*>+5ab+2b?) +b (3a’+9a’b+7ab>+2b’) Log[a+2b+aCosh|2 (c+dx)|]+2a (a+2b) Log[Sinh[c+dx]]))

Problem 166: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J Coth[c+dx]?
(a+bSech[c+dx]2)3

dx

Optimal (type 3, 182leaves, 8 steps):
b2 (35a? +28ab+8b2) ArcTanh | b Tanhicdx] |

=5 (8a2-11ab-4b?) Coth[c+dx]
a’ ga’ (a+b)’?d 8a’ (a+b)’d
b Coth[c +d x] b (9a+4b) Coth[c+dx]

4a(a+b)d (a+b—bTanh[c+dx12)2 8 a2 (a+b)2d (a+b-bTanh[c+dx]?)

Result (type 3, 2083 leaves):
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1
(a+b)® (a+bSechlc+dx]?)

; (35a*>+28ab+8b?) (a+2b+aCosh[2c+2dx])35ech[c+dx]6

( []‘1 b% ArcTan [Sech[d x]

i Cosh[2c] i Sinh[2c] J
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b \/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] COSh[ZC]]/ (64a3\/a+b d+/bCosh[4c] -bSinh[4c] )_

i Cosh[2c] 1 Sinh[2 ]

- +

2+va+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

(J‘L b? ArcTan [Sech[d x]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] Sinh[2c]}/ (64a3\/a+b d+/bCosh[4c] -bSinh[4c] )) +

1

(a+2b+aCosh[2c+2dx]) Csch[c] Csch[c+dx] Sech[2c] Sech[c+dx]®
512 a3 (a+b)3d (a+bSech[c+dx]2)3
(8a®>dxCosh[dx] +56a*bdxCosh[dx] +184a’b®>dx Cosh[dx] + 296 a® b’ dx Cosh[d x] + 224 ab*dx Cosh[dx] +64b°>dxCosh[dx] -

12a°dx Cosh[3dx] -68a*bdxCosh[3dx] -132a*b?dxCosh[3dx] -108a’b3dxCosh[3dx] -32ab*dxCosh[3dx] -
8a°dxCosh[2c-dx] -56a*bdxCosh[2c-dx] -184a3b>dxCosh[2c-dx] -296a’b3>dxCosh[2c-dx] -224ab*dxCosh[2c-dx] -
64 b>dx Cosh[2c-dx] -8a’dxCosh[2c+dx] -56a*bdxCosh[2c+dx] -184a3b>dxCosh[2c+dx] -296a?b3>dxCosh[2c+dx] -
224 ab*dxCosh[2c+dx] -64b>dxCosh[2c+dx] +8a°dxCosh[4c+dx] +56a*bdxCosh[4c+dx] +184a°b>dxCosh[4c+dx] +
296 a’?b3dx Cosh[4c+dx] +224ab*dxCosh[4c+dx] +64b°dxCosh[4c+dx] +12a°dxCosh[2c+3dx] +68a*bdxCosh[2c+3dx] +
132a*b?dxCosh[2c+3dx] +108a?b3>dx Cosh[2c+3dx] +32ab*dxCosh[2c+3dx] -12a>dxCosh[4c+3dx] -
68a*bdxCosh[4c+3dx] -132a>b>dxCosh[4c+3dx]-108a?b3>dxCosh[4c+3dx]-32ab*dxCosh[4c+3dx] +
12a°dxCosh[6c+3dx] +68a*bdxCosh[6c+3dx] +132a®b?dxCosh[6c+3dx] +108a2b>dxCosh[6c+3dx] +
32ab*dxCosh[6c+3dx] -4a>dxCosh[2c+5dx] -12a*bdxCosh[2c+5dx] -12a®>b?dxCosh[2c+5dx] -4a?b>dxCosh[2c+5dx] +
4a°dxCosh[4c+5dx] +12a*bdxCosh[4c+5dx] +12a*b?>dxCosh[4c+5dx] +4a’b3>dxCosh[4c+5dx] -4a>dxCosh[6c+5dx] -
12a*bdxCosh[6c+5dx] -12a*>b?>dx Cosh[6c+5dx] —4a?b>dxCosh[6c+5dx] +4a°dxCosh[8c+5dx] +12a*bdxCosh[8c +5dx] +
12a*b?dxCosh[8c+5dx] +4a’b3>dxCosh[8c+5dx] -32a°Sinh[dx] - 64 a*bSinh[dx] - 30 a2 b® Sinh[d x] - 120 ab*Sinh[d x] -
48 b°Sinh[dx] +32a°Sinh[3dx] +64a*bSinh[3dx] +26a>b2Sinh[3dx] +86a%2b3Sinh[3dx] +32ab*Sinh[3dx] -48a°Sinh[2c-dx] -
128 a*bSinh[2c-dx] -128a®b?Sinh[2c-dx] -30a2b3Sinh[2c-dx] -120ab*Sinh[2c-dx] -48b°Sinh[2c-dx] +
48 a°Sinh[2c+dx] +128a*bSinh[2c+dx] +102a%b?Sinh[2c+dx] -86a2b3>Sinh[2c+dx] -136ab*Sinh[2c+dx] -
48b°Sinh[2c+dx] -32a°Sinh[4c+dx] -64a*bSinh[4c+dx] +26a>b?2Sinh[4c+dx] +86a?b3Sinh[4c+dx] +136ab*Sinh[4c+dx] +
48b° Sinh[4c+dx] -8a°Sinh[2c+3dx] -26a*b?>Sinh[2c+3dx] -86a?b3Sinh[2c+3dx] -32ab*Sinh[2c+3dx] +
32a°Sinh[4c+3dx] +64a*bSinh[4c+3dx] -13ab?Sinh[4c+3dx] -36a%b3>Sinh[4c+3dx] -16ab*Sinh[4c+3dx] -
8a°Sinh[6c+3dx] +13a®b2Sinh[6c+3dx] +36a2b>Sinh[6c+3dx] +16ab*Sinh[6c+3dx] +8a°Sinh[2c+5dx] +
13a’b*Sinh[2c+5dx] +6a”*b>Sinh[2c+5dx] -13a’b?Sinh[4c+5dx] -6a*b>Sinh[4c+5dx] +8a’Sinh[6c+5dx])

Problem 168: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Coth[c+dx]*
J dx

(a+bSech[c+dx]2)3
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Optimal (type 3, 232 leaves, 9steps):
b%/2 (63a2+36ab +8b?) Ar‘cTanh[m‘“—de]

a+b

(8a*+32a’b-15ab?-4b*) Coth[c+dx]

al 8a’ (a+b)??d 8a% (a+b)*d
(8a?-39ab-12b?) Coth[c+dx]? b Coth[c +dx]3 b (11a+4b) Coth[c+dx]?
2422 (a+b)>d 4a(a+b)d(a+b—bTanh[c+dx}2)2 8a’ (a+b)*d (a+b-bTanh[c+dx]?)

Result (type 3, 3334 leaves):
1

(a+b)4 (a+bSech[c+dx12)3

(63a*+36ab+8b?) (a+2b+aCosh[2c+2dx])3Sech[c+dx]6

( [J’l b® ArcTan [Sech[d x]

i Cosh[2c] iSinh[2c] J
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b bCosh[4c] -bSinh[4c]

(-aSinh[dx] -2bSinh[dx] +aSinh[2c+dx])] COSh[ZC]]/ (64a3\/a+b d+/bCosh[4c] -bSinh[4c] )-

i Cosh[2 ] 1 Sinh[2 ]

- +

2+va+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

[J‘L b® ArcTan [Sech[d x]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] Sinh[2c]]/ (64a3\/a+b d+/bCosh[4c] -bSinh[4c] )J +

1

(a+2b+aCosh[2c+2dx]) Cschc] Csch[c+dx]?Sech[2c] Sech[c+dx]®
61442 (a+b)*d (a+bSech[c+dx]?)>
(-36a°dxCosh[dx] -336a>bdxCosh[dx] - 1560 a* b*>d x Cosh[d x] - 3600 a> b> d x Cosh[d x] - 4260 a® b* d x Cosh [d x] - 2496 a b> d x Cosh[d x] -

576 b® d x Cosh[d x] + 36 a®d x Cosh[3dx] +240a°>bdx Cosh[3dx] +408 a*b?d x Cosh[3dx] -48a>b>dx Cosh[3dx] -
732 a’b*dx Cosh[3dx] -672ab’>dxCosh[3dx] -192b®dxCosh[3dx] +36a°dxCosh[2c-dx] +336a°bdxCosh[2c-dx] +
1560 a* b2 d x Cosh[2c-dx] + 3600 a®>b>d x Cosh[2c-dx] +4260a2b*dxCosh[2c-dx] +2496ab’>dxCosh[2c-dx] +
576 b® d x Cosh[2c-dx] +36a®dxCosh[2c+dx] +336a°bdxCosh[2c+dx] +1560a*b?>dxCosh[2c+dx] +3600a3b>dxCosh[2c+dx] +
4260 a2b*dxCosh[2c+dx] +2496 ab’>dx Cosh[2c+dx] +576b®dxCosh[2c+dx] -36a®dxCosh[4c+dx] -336a°bdxCosh[4c+dx] -
1560 a* b?>d x Cosh[4c+dx] - 3600 a>b>dx Cosh[4c+dx] -4260a’b*dx Cosh[4c+dx] -2496ab’°dxCosh[4c+dXx] -
576 b® d x Cosh[4c+dx] -36a°dxCosh[2c+3dx] -240a°bdxCosh[2c+3dx] -408a*b’>dxCosh[2c+3dx] +48a*>b3>dxCosh[2¢c+3dx] +
732a’b*dxCosh[2c+3dx] +672ab’>dxCosh[2c+3dx] +192b®dxCosh[2c+3dx] +36a°dxCosh[4c+3dx] +
240a°bdxCosh[4c+3dx] +408a*b?>dxCosh[4c+3dx] -48a®b>dxCosh[4c+3dx]-732a’b*dxCosh[4c+3dx] -
672ab°>dxCosh[4c+3dx] -192b%dxCosh[4c+3dx] -36a®dxCosh[6c+3dx]-240a°bdxCosh[6c+3dx] -
408 a* b2 d x Cosh[6c+3dx] +48a*>b>dxCosh[6c+3dx] +732a’b*dxCosh[6c+3dx] +672ab>dxCosh[6c+3dx] +
192b®dxCosh[6c+3dx] -12a%dxCosh[2c+5dx] -144a°bdxCosh[2c+5dx] -456a*b?dxCosh[2c+5dx] -
624 a>b>dxCosh[2c+5dx] -396a’b*dxCosh[2c+5dx] -96ab’>dxCosh[2c+5dx] +12a®dxCosh[4c+5dx] +
144 a°bdx Cosh[4c+5dx] +456 a*b?dx Cosh[4c+5dx] +624a>b>dxCosh[4c+5dx] +396a2b*dxCosh[4c+5dx] +
96ab°dxCosh[4c+5dx] -12a®dxCosh[6c+5dx] -144a°bdxCosh[6c+5dx] -456a*b?dxCosh[6c+5dx] -
624 a>b>dxCosh[6c+5dx] -396a’b*dxCosh[6c+5dx] -96ab’>dxCosh[6c+5dx] +12a®dxCosh[8c+5dx] +
144 a°bdx Cosh[8c +5dx] +456a*b?>dxCosh[8c+5dx] +624a>b3>dxCosh[8c+5dx] +396a’b*dxCosh[8c+5dx] +
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96ab’>dxCosh[8c+5dx] -12a®dxCosh[4c+7dx] -48a°bdxCosh[4c+7dx] -72a*b?>dxCosh[4c+7dx] -48a>b>dxCosh[4c+7dx] -
12 a’b*dxCosh[4c+7dx] +12a®dxCosh[6c+7dx] +48a°bdxCosh[6c+7dx] +72a*b?>dxCosh[6c+7dx] +

48 a3b>dxCosh[6c+7dx] +12a2b*dxCosh[6c+7dx] -12a%dxCosh[8c+7dx] -48a>bdxCosh[8c+7dx] -

72 a*b?dxCosh[8c+7dx] -48a>b3>dxCosh[8c+7dx] -12a2b*dxCosh[8c+7dx] +12a%dxCosh[18c+7dXx] +

48 a°bdxCosh[10c+7dx] +72a*b>dxCosh[10c+7dx] +48a>b>dxCosh[10c+7dx] +12a?b*d xCosh[18c+7dx] - 128 a® Sinh[d x] -
440 a° b Sinh[d x] - 1152 a* b2 Sinh[d x] - 1920 a®> b3 Sinh[d x] + 228 a2 b* Sinh[d x] + 1320 a b®> Sinh[d x] + 432 b® Sinh[d x] +

48 a®Sinh[3dx] + 104 a° bSinh[3d x] + 640 a* b?>Sinh[3d x] + 1511 a3 b?>Sinh[3dx] - 528 a2b*Sinh[3d x] + 264 a b’ Sinh[3dx] +

144 b%Sinh[3dx] -32a°Sinh[2c-dx] +384a°bSinh[2c-dx] +2048 a*b?>Sinh[2c-dx] +3072ab3Sinh[2c-dx] +

228 a2 b*Sinh[2c-dx] +1320ab’Sinh[2c-dx] +432b%Sinh[2c-dx] +32a%Sinh[2c+dx] -384a°bSinh[2c+dx] -

2048 a* b2 Sinh[2c+dx] -2919a3b3Sinh[2c+dx] +642a%b*Sinh[2c+dx] + 1416 ab®>Sinh[2c +dx] +432b® Sinh[2c+dx] -

128 a® Sinh[4c+dx] -440a°bSinh[4c+dx] -1152a*b2Sinh[4c+dx] - 2073 a®b3Sinh[4c +dx] - 642 a%b*Sinh[4c+dx] -

1416 ab’ Sinh[4 c+d x] - 432b%Sinh[4c+dx] -144a°Sinh[2c+3dx] -672a°bSinh[2c+3dx] -960a*b?Sinh[2c+3dx] +

153 a®b3>Sinh[2c+3dx] +528a2b*Sinh[2c+3dx] -264ab’>Sinh[2c+3dx] -144b°Sinh[2c+3dx] +48a°Sinh[4c+3dx] +

104 a° bSinh[4c+3dx] + 640 a* b%>Sinh[4c+3dx] + 1664 a>b>Sinh[4c+3dx] -66a’b*Sinh[4c+3dx] -408ab’Sinh[4c+3dx] -

144 b® Sinh[4c+3dx] -144a°Sinh[6c+3dx] -672a°bSinh[6c+3dx] -960a*b?Sinh[6c+3dx] +66a%b*Sinh[6c+3dx] +

408 ab° Sinh[6c+3dx] +144b°Sinh[6c+3dx] +80a®Sinh[2c+5dx] +480a°bSinh[2c+5dx] +832a*b?Sinh[2c+5dx] +

294 a2 b*Sinh[2c+5dx] +96ab®Sinh[2c+5dx] -48a°Sinh[4c+5dx] -120a°bSinh[4c+5dx] -294a?b*Sinh[4c+5dx] -

96 ab®Sinh[4c+5dx] +80a®Sinh[6c+5dx] +480a°bSinh[6c+5dx] +832a*b?Sinh[6c+5dx] -51a*b3Sinh[6c+5dx] -
132a2b*Sinh[6c+5dx] -48ab’Sinh[6c+5dx] -48a®°Sinh[8c +5dx] -120a°bSinh[8c+5dx] +51a®b?Sinh[8c +5dXx]
132a2b*Sinh[8c +5dx] +48ab’Sinh[8c+5dx] +32a®Sinh[4c+7dx] +104a°bSinh[4c+7dx] +51a>b?Sinh[4c+7dX]
18 a*b*Sinh[4c+7dx] -51a’b>Sinh[6c+7dx] -18a’b*Sinh[6c+7dx] +32a°Sinh[8c+7dx] +184a>bSinh[8c+7dx])

+
+

Problem 169: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
J dx
(a+bSech[c+dx]2)4

Optimal (type 3, 207 leaves, 7 steps):

Vb (35a%+70a2b+ 56 ab?+ 16 b%) ArcTanh [ Lo Tanhic:dx] |

al a+b b Tanh[c +dx]
a’ 16a* (a+b)’'?d 6a(a+b)d(a+b-bTanh[c+dx]?)>
b (11a+6b) Tanh[c +dx] b (19a?+22ab+8b?) Tanh[c +dx]

242% (a+b)?d (a+b-bTanh[c+dx]2)? 16a* (a+b)>d (a+b-bTanh[c+dx]?)

Result (type 3, 1405 leaves):
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1
(a+b)? (a+bsech[c+dx]2)*

(35a°+70a’b+56ab”+16b%) (a+2b+aCosh[2c+2dx])*

Sech[c+dx]8

i b ArcTan[Sech[d x]

i Cosh[2c] i Sinh[2c] ]
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b \/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] COSh[ZC]]/ (256a4\/a+b d+/bCosh[4c] -bSinh[4c] )_

- +

J'LbAr‘cTan[Sech[d X]
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c] -bSinh[4c]

i Cosh[2c] i Sinh[2c] J

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

/(256a4\/a+b d+/bCosh[4c] -bSinh[4c] )] N

1

(a+2b+aCosh[2c+2dx]) Sech[2c] Sech[c+dx]®
3072 a* (a+b>3d (a+bSech[c+dx]2)4
(480 a°dx Cosh[2c] +3168a°bdxCosh[2c] +8928a*b*dxCosh[2c] +14112a>b>dxCosh[2c] +13248a°b* dx Cosh[2c] +

6912 ab°dx Cosh[2c] +1536 b®dx Cosh[2c] +36@a®dx Cosh[2dx] +2232a°bdxCosh[2dx] +5688a*b?dxCosh[2dx] +
7272 a*b3>d xCosh[2d x] + 4608 a2 b*d x Cosh[2d x] +1152ab’dx Cosh[2dx] + 360 a®dxCosh[4c+2dx] +
2232a°bdxCosh[4c+2dx] +5688a*b2dxCosh[4c+2dx] +7272a>b3>dxCosh[4c+2dx] +4608a’b*dx Cosh[4c+2dx] +
1152 ab>dxCosh[4c+2dx] +144a°d xCosh[2c+4dx] +720a°bdxCosh[2c+4dx] +1296 a*b>dx Cosh[2c+4dXx] +
1008 a® b>d xCosh[2c+4dx] +288a’b*dx Cosh[2c+4dx] +144a°dx Cosh[6c+4dx] +720a°bdxCosh[6c+4dx] +
1296 a* b2 d x Cosh[6c+4dx] +1008 a®>b>d x Cosh[6c+4dx] +288a’b*dxCosh[6c+4dx] +24a%dxCosh[4c+6dXx] +
72a°bdxCosh[4c+6dx] +72a*b?>dxCosh[4c+6dx] +24a>b>dxCosh[4c+6dx] +24a%dxCosh[8c+6dx] +
72a°bdxCosh[8c+6dx] +72a*b?>dxCosh[8c+6dx] +24a>b>dxCosh[8c+6dx] +870a°bSinh[2c] +4292 a*b2Sinh[2c] +
8792 a®b3Sinh[2c] +9936 a2b* Sinh[2c] + 5824 a b’ Sinh[2c] + 1408 b® Sinh[2c] - 870 a° b Sinh[2d x] - 3792 a* b2 Sinh[2d x] -
6432 a>b3Sinh[2d x] - 4608 a® b* Sinh[2d x] - 1248 ab® Sinh[2d x] +435a°bSinh[4c+2dx] + 2124 a*b?>Sinh[4c+2dXx] +
3972 a3b3Sinh[4c+2dx] +3072a%b*Sinh[4c+2dx] +864ab’Sinh[4c+2dx] -435a°bSinh[2c+4dX] -
1374 a*b%2Sinh[2c +4dx] - 1248 a®b>Sinh[2c+4dx] -384a2b*Sinh[2c+4dx] +87a°bSinh[6c+4dx] + 366 a*b%>Sinh[6c+4dx] +
408 2> b>Sinh[6c+4dx] + 1442’ b*Sinh[6c+4dx] -87a°bSinh[4c+6dx] -116a*b?Sinh[4c+6dx] -44a’b’>Sinh[4c+6dX])

Problem 181: Result more than twice size of optimal antiderivative.

J a+bSech[x]? dx

Optimal (type 3, 59 leaves, 6 steps):

\/FAr‘cTan[ \/FTanh[x} } +\/?Ar‘cTanh[ \/a_Tanh[x1
Jaer—bTanh[x}2 \/a+b—bTanh[x}2

]

Result (type 3, 134 leaves):
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1
a+2b+acCosh[2x]

\ECosh[x]

V2 b Sinh v/ a Sinh 2b Cosh[2
Vb ArcTan| 1nh [x] | Va+2b+acCosh[2x] ++a Va+b ArcSinh| a >1n [X]} ar2bracoshi2x] a+bSech[x]?
Ja+2b+aCosh[2X] JVa+b a+b

Problem 189: Result more than twice size of optimal antiderivative.
J(a+b$ech[x}2)3/2 Tanh [x] dx

Optimal (type 3, 57 leaves, 6 steps):

a+bSech[x]? 32

a*2 ArcTanh | | -a+/a+bSech[x]? - 1 (a+bsech[x]?)

vz :
Result (type 3, 117 leaves):
7((2(b\/a+2b+aCosh[2x] +4acCosh[x]?va+2b+aCosh[2x] -3+/2 a*?2Cosh([x]®Log[V/2 a Cosh[x \/a+2b+aCosh[2x]])

(a+b5€Ch[X]2>3/2)/(3 (a+2b+aCosh[2x}>3/2))

Problem 191: Result more than twice size of optimal antiderivative.

JCoth [x] (a+bSech[x]?) 32 gx

Optimal (type 3, 70leaves, 8 steps):

a+bSech[x]? ]_ (a+b)3/2Ar~cTanh[ a+bSech[x]?

\/? Va+b
Result (type 3, 159 leaves):

a*2 ArcTanh| | +b+/a+bsSech(x]?

\/T(a+b)2Ar‘cTanh[ V2 arb Coshix] | Coshix] -

va+2b+aCosh[2x]

2 (b+acCosh[x]?)

va+b (b\/a+2b+aCosh 2x] ++/2 a¥2cosh[x Log[\/_x/_Cosh \/a+2b+aCosh[2x]”

a+bSech[x]?

/(\/a+b (a+2b+aCosh[2x])3/2)]



108 | 6.5 Hyperbolic secant.nb

Problem 196: Result more than twice size of optimal antiderivative.
3
J Tanh [x] dx
a+bSech[x]?
Optimal (type 3, 42 leaves, 5steps):
ArcTanh [ A/ a+bSechixj2 ]

NES a+bSech[x]?
.
Va b

Result (type 3, 105leaves):

Va+2b+aCosh[2x] Log[V2 va Coshx] ++a+2b+aCosh[2x] | Sech[x] (a+2b+aCosh[2x]) Sech[x]?

+

A2 +/a +/a+bsSech[x]2 2b+/a+bSech[x]?

Problem 198: Result more than twice size of optimal antiderivative.
J Tanh [x] dx
a+bSech[x]?
Optimal (type 3, 25leaves, 4 steps):

Ar‘cTanh[lﬁ’”bS}Ch Sk ]
a

Va
Result (type 3, 70 leaves):

Va+2b+aCosh[2x] Log[V/2 v/a Cosh[x] ++a+2b+aCosh[2x] | Sech[x]

\/2 \/a +Ja+bSech[x]2

Problem 199: Result more than twice size of optimal antiderivative.

1
J ax
a+bSech[x]?

Optimal (type 3, 29 leaves, 3 steps):




ArcTanh | Mm_]

a+b-b Tanh[x]?

Va
Result (type 3, 69 leaves):

Ar‘cTanh[—\m‘ﬂ—} va+2b+aCosh[2x] Sech[x]
a+2b+aCosh[2x]

A2 \/a yJa+bSech[x]2

Problem 200: Result more than twice size of optimal antiderivative.
J Coth[x] dx
a+bSech[x]?

Optimal (type 3, 56 leaves, 7 steps):

2 2
ArcTanh [ a+b Sech[x] ] ArcTanh [ a+b Sech[x] ]
Va a+b

\/? Va+b
Result (type 3, 124 leaves):

—\/;Ar‘cTanh[ V2 Va+b Cosh[x]

[\/a+2b+aCosh[2x]
va+2b+aCosh[2x]

V2 Va avb fa-bsechix? |

Problem 205: Result more than twice size of optimal antiderivative.

3
J( Tanh[x] dx

a+bSech[x]2)3/2

Optimal (type 3, 49leaves, 5steps):

ArcTanh | a+bsﬁh [x)® ]
a

a3/?

a+b

ab+/a+bSech[x]?

Result (type 3, 103 leaves):

| +Va+b Log[V2 +/a Cosh[x] ++/a+2b+aCosh[2x] ]J Sech[x]
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1

4a*2 (a+bsech[x]2)??

2+/a (a+b) Cosh[x] (a+2b+aCosh[2x

- " ) +4/2 (a+2b+acCosh(2x])*?Log[V/2 Va Cosh[x] +\/a+2b+aCosh[2x] || Sech[x]?

Problem 206: Result more than twice size of optimal antiderivative.

j Tanh[x]? 4
X
(a+bsech(x]?)*?

Optimal (type 3, 51leaves, 5steps):

a Tanh[x
Ar‘cTanh[—\Lf—]—
a+b-b Tanh[x]2 Tanh [x]
33/2

a\/a+bbeanh[x}2

Result (type 3, 105leaves):
1

4a%2 (a+ bSech[x12)3/2

\E \E Sinh[x]

va+2b+aCosh[2X]

Sech|[

\ﬁAr‘cTanh[

] (a+2b+aCosh[2x])3/2+a3/251nh ] +4+/a bSinh[x] +a3/2Sinh[3 x]

Problem 207: Result more than twice size of optimal antiderivative.
J Tanh [x] dx
(a+bsech(x]?)*?

Optimal (type 3, 43 leaves, 5steps):

ArcTanh | a+bsﬁh ik ]
a

a3/?

1

a+/a+bSech[x]?

Result (type 3, 98 leaves):
1

4a*2 (a+bsSech[x }2)3/2
(a+2b+aCosh[2 )(Zx/—Cosh -2 VJa+2b+acCosh[2x] Log[\/_\/_Cosh +\/a+2b+aCosh[2x]])Sech[x]3
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Problem 218: Result more than twice size of optimal antiderivative.

J Coth[x] dx
(a+bsech(x]?)>?

Optimal (type 3, 109 leaves, 9 steps):

ArcTanh | a+bieih[x]2 | ArcTanh| "’”bsec:[x]z ] b b (2a+b)
a a+

a®/2 (a+b)®? 73a(a+b) (a+bsech(x]?)*? a? (a+b)2+/a+ bsech(x]?

Result (type 3, 242leaves):

1 2bCosh[x] (a+2b+aCosh[2x]) (7a*+16ab+6b?+a (7a+4b) Cosh[2x])
8 (a+bSech[x]2)®? 3a2 (a+b)?
! (a+2b+aCosh[2x])*? |\/a (a®-2ab-b?) ArcTanh| V2 Va+b Coshix] ]+
V2 a%% (a+b)*? va+2b+acCosh[2X]

V2a+2b Cosh[x]

va+2b+aCosh[2x]

| -2+/a+b Log[V2 a Coshix] +Va+2b+aCosh[2x] ]

Sech[x]”

(a+b) 2 [\E ArcTanh |

|

Problem 220: Result more than twice size of optimal antiderivative.

1
J(a+b5ech[c+dx]2)7/2

dx

Optimal (type 3, 183 leaves, 7 steps):

ArcTanh [ a Tanh[c+d Xx] ]

a+b-b Tanh[c+d x]?2 bTanh[c +dx]
a’’/2d 5a(a+b)d(a+b-bTanh[c+dx]2)%?
b (9a+5b) Tanh[c +dx] b (33a2+40ab+15b?) Tanh[c +dx]

15 a? <a+b>2d (a+b—bTanh[c+dx}2)3/2 15 a3 <a+b>3d\/a+b—bTanh[c+dx]2

Result (type 3, 749 leaves):
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1

(a+2b+aCosh[2c+2dx])7/2
3 2\7/2
8a’ (a+bSech[c+dx]?)

|

e3CdX(1+ezc>\/4be2(c*dx)+a(1+ez<c*dx>>2 Log[ce’2C a+2b+aez<c*dx>+\/?\/4b<ez(c*dx)+a<1+e2(c*dx))2 ]+<ezc 2dX—Log[

efZC

a+ae2(©dx) L ope2(crdx) | /a \/4b62(c+dx) +a (1+62(c+dx)>2 ]]]J]/

4\/?\/?d\/4b+a<ez(c*dx) <1+<ez(c*dx))2}+

{GBCdx (_1+62c> J4bez (c+dx) | 4 (1+e2 (C+dX))2 Log[e’zc

a+2brae?(cdx) /3 \/4bez(c*dx)+a (1+ez(c*dx))2]] +

e?¢ [—de‘FLOg[@ZC {a‘Fa@Z (crdx) 4 2 p g2 (c+dx) +\/?\/4b<e2(c*dx) +a <1+ez(c*dx))2 J]]]]/

1

Sech[c+dx]” +

4\/7\/?d\/4b+aez(c*dx) (1+ez<c+dx)>2

(a+bSech[c+dx]2)7/?

b3 Sinh[c +dx]

- +

10a* (a+b) d (a+2b+aCosh(2c+2dx])>

(a+2b+aCosh[2c+2dx])4Sech[c+dx]7

-45a2bSinh[c+dx] -60ab?Sinh[c+dx] -23b3Sinh[c +dx]

+

120 a3 (a+b)3d (a+2b+aCosh[2c+2dx])
15ab2Sinh[c+dx] +11b3Sinh[c +dx]
60 a3 (a+b)2d (a+2b+aCosh[2c+2dx1)2
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Summary of Integration Test Results

521 integration problems

A - 366 optimal antiderivatives

B - 88 more than twice size of optimal antiderivatives
C - 45 unnecessarily complex antiderivatives

D - 6 unable to integrate problems

E - 16 integration timeouts



